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Abstract 
 
The thesis is based on the work developed at the ABB Corporate Research Centre 
Germany in Ladenburg. This work was carried out inside the A1 research group which 
mainly deals with the development of actuators for medium and high voltage breakers 
and contactors. 
The purpose of this work is to obtain one or more user-friendly methods to estimate the 
radial and axial load-deflection relationship of deep groove ball bearings and create an 
Adams user-defined joint which simulates their mechanical behaviour in multibody 
dynamic systems.  
Firstly some theoretical models found in the literature were studied and conformed to 
the end-user needs. Then a parametrical finite element model was realised to have a 
basis to compare the analytical models and to have an alternative to them to estimate the 
load-deflection relationship of a deep groove ball bearing. The analytical model which 
best fitted the finite element results was chosen to be implemented in the Adams user-
defined joint. 
At the end of the work the Adams deep groove ball bearing joint was programmed in 
the form of an Adams macro function. 
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 1 
Introduction 
 
Background 
This work was developed during a six months working experience at the ABB 
Corporate Research Centre Germany in Ladenburg. ABB (Asea Brown Boveri) is a 
global leading company in power and automation technologies with headquarters in 
Switzerland. 
The ABB CRC is organised into several research groups. This work was carried out 
inside the A1 group which mainly deals with the development of actuators for medium 
and high voltage breakers and contactors (Figure I). Most of its research work involves 
the optimisation of these complex mechanisms by multibody rigid dynamic analysis 
with the software MSC Adams. 
A multibody dynamics software is used to study the kinematics of moving parts and to 
determine how loads and forces are distributed throughout a mechanical system. 
 
 
Figure I: ABB medium voltage contactor. 
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Rolling bearings in multibody dynamic systems 
Rolling bearings are one of the most common elements used in these actuators but, due 
to the complexity of the models which describe their behaviour, they are usually 
replaced by journal bearings in their multibody dynamic models. While the journal 
bearing element constrains effectively the relative motion between different parts, it 
does not include most of the bearing properties, such as non-linearity of stiffness and 
internal clearances. 
Both the stiffness and the clearances could affect greatly the system dynamic 
characteristics e.g. natural frequencies, transient response, critical speeds, and therefore 
its performance. The non-linear load-deflection behaviour of rolling bearings is the root 
cause of non-linearity of bearing rotor systems and it has a significant effect on their 
static and dynamic behaviour. 
 
Aims 
Since it is of great importance to model appropriately the flexibility of the joints placed 
in the rigid dynamic models of the breakers and contactors, we thought out the 
following aims: 
- To find an effective method to estimate the load-deflection behaviour of a single 
row deep groove ball bearing in very few steps. 
- To create a user-defined joint which models the load-deflection behaviour of a deep 
groove ball bearing in the multibody dynamic environment of MSC Adams. 
 
The problem 
Only deep groove ball bearings (DGBBs) are studied in this work: they are the most 
common kind of rolling bearings used in the actuators developed by the A1 group. A 
standard DGBB consists of a number of rolling elements and two rings, the inner and 
the outer ring (Figure II). 
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Figure II: Main elements of a deep groove ball bearing (retrieved from www.skf.com on 20/09/2016). 
 
Both rings have raceways to guide the rolling elements which are separated from each 
other by a cage. 
The estimation of the load-deflection behaviour of a DGBB involves establishing a 
relationship between the load acting on the bearing and the deflection of the inner ring 
relative to the outer ring. 
 
Methodological approach 
The development of this work can be organised into three main sections (Figure III): 
1) Definition of the geometry. 
2) Estimation of the load deflection behaviour. 
3) Adams macro programming. 
 
 
Figure III: Development of the work. 
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1) Definition of the geometry 
The geometry of a DGBB is very complex and full of details which have much 
influence on its mechanical behaviour. 
From the end-user´s point of view too many geometrical input parameters would make 
any bearing model too complex to be managed and run: often tens of DGBBs are placed 
in a mechanical assembly; each of them has its specific geometrical parameters most of 
which are not given in the datasheets, so obtaining their exact value and creating a 
specific setting for each bearing would be in general too time demanding. By means of 
some analytical and empirical formulas the number of input parameters needed to 
determine completely the DGBB geometry can be limited to only three: bore diameter, 
outer diameter and radial clearance. 
 
2) Estimation of the load-deflection behaviour 
The problem of the estimation of the load-deflection behaviour of a DGBB could be 
approached by theoretical analysis and by finite element analysis. The first method 
represents a general approach to the study of the mechanical behaviour of a DGBB, it is 
simpler than the finite element approach and it provides an estimation in very few 
simple steps; instead the latter method is more complex and requires much more time to 
be performed, but on the other hand it can be used to model a DGBB in greater detail. 
 
3) Programming of the Adams deep groove ball bearing macro 
The programming of the DGBB macro involves five phases: 
- Definition of the parts and their constraints. 
- Implementation of the load-deflection relationship of a DGBB. 
- Implementation of the damping behaviour. 
- Validation of the macro. 
- Solvers test: it is important that the macro be compatible with as many solvers as 
possible in order not to limit the user´s choice. 
  
INTRODUCTION 
5 
Software 
The software used during the development of the work are mentioned in Table I. 
 
Software Type of Analysis 
Microsoft Office Excel Numerical solution of the analytical models 
ANSYS Mechanical Finite element analysis 
MSC Adams Development of the DGBB macro function 
 
Table I: Software used during the development of the thesis. 
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Literature review 
 
Many authors worked on the analytical computation of the load-deflection relation of 
rolling bearings. In 1907 Stribeck developed a method to compute the maximum load 
on a ball neglecting the clearance. Palmgren [1] [2] gave some semi-empirical formulas 
to calculate bearing deflection under specific loadings. Jones [3] developed his ball 
bearing stiffness theory based on the Hertz contact theory [4]. Hamrock and Anderson 
[5] modify the work by Jones introducing the Sjövall integrals (Sjövall 1933) and giving 
a numerical approximation of them. Harris [6] based his model on the previous works 
and provided the evaluation of the Sjovall integrals for various values of the internal 
radial clearance. 
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Chapter 1  
 
Deep groove ball bearings geometry 
 
Rolling-element bearings, also known as rolling bearings, are one of the most common 
mechanical elements in industry. They are used in a wide variety of products and their 
makeup can be very different based on their application. 
 
1.1 Classification of rolling-element bearings 
Rolling bearings are divided into two main classifications according to the direction in 
which the load is applied (Figure 1.1): radial bearings which carry radial loads and 
thrust bearings which carry axial loads. 
 
 
Figure 1.1: Rolling-elements bearings: a) ball bearings; b) roller bearings; c) thrust bearings (retrieved from 
http://www.mitcalc.com on 20/09/2016). 
Another important classification can be made according to the shape of the rolling 
elements: ball bearings, in which the rolling elements are shaped as balls, and roller 
bearings, in which the rolling elements are shaped as rollers (Figure 1.2). Ball bearings 
are classified according to their ring shape: deep groove type and angular contact type. 
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Instead roller bearings are classified according to the shape of the rollers: cylindrical, 
needle, spherical and tapered (Figure 1.1). 
 
 
Figure 1.2: Rolling-elements bearings (retrieved from http://www.skf.com on 20/09/2016). 
 
A secondary classification is made according to the number of rolling element rows 
(Figure 1.1): single or double. 
 
1.2 Deep groove ball bearings 
1.2.1 General features 
DGBBs are the most common type of rolling bearings used in the actuators developed 
by the A1 research group; their assemblies are very complex and sometimes more than 
thirty DGBBs are placed in them. The peculiarity of DGBBs is that the radius of the 
raceway groove is slightly larger than the radius of the balls, so they are capable of 
supporting radial loads and moderate axial loads in both directions (Figure 1.3). 
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Figure 1.3: Deep groove ball bearing (retrieved from http://www.directindustry.com on 20/09/2016). 
 
1.2.2 Geometry 
The main geometrical dimensions of a DGBB are defined with reference to Figure 1.4: 
- Bore diameter: 𝑑 
- Outer diameter: 𝐷 
- Width: 𝐵 
 
 
Figure 1.4: Definition of the main geometrical dimensions of a deep groove ball bearing. 
 
The above three parameters can be always found in the manufacturers´ catalogues and 
they represent the overall dimensions of the bearing. 
- Balls diameter: 𝐷𝑏 
The balls diameter is not a geometrical parameter which can be found in catalogues, but 
it can be measured or estimated by an empirical formula [7]: 
 𝐷𝑏 = 0,3(𝐷 − 𝑑) (1.1) 
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- Inner ring curvature ratio:  
 𝑓𝑖 =
𝑟𝑖
𝐷𝑏
 (1.2) 
- Outer ring curvature ratio:  
 𝑓𝑜 =
𝑟𝑜
𝐷𝑏
 (1.3) 
Instead of the radius of the grooves the two curvature ratios are defined. They are 
usually in the range (0,51 ÷ 0,54) [5]. In general the two curvature ratios can be 
different from each other with 𝑓𝑜 > 𝑓𝑖. Their value changes from bearing to bearing and 
it cannot be found in any manufacturer´s catalogue, it can be only measured or 
supposed. In this thesis the following simplifying assumption is made: 
 𝑓𝑖 = 𝑓𝑜 =
0,51 + 0,54
2
= 0,525 (1.4) 
- Total curvature ratio: 
 𝑓 = 𝑓𝑖 + 𝑓𝑜 − 1 = 0,05 (1.5) 
- Diametral clearance: 𝑃𝑑 
The diametral clearance is between the balls and the inner and outer raceways.  
It is measured by the maximum displacement in the radial direction that one ring can 
have relative to the other. The purpose of the clearance is to prevent excessive contact 
stresses due to different thermal expansion of the inner and outer rings, and due to tight-
fit assembly of the rings into their seats.  
DGBBs have five classes of radial play1 [8]: 
 
𝑃𝑟 =
𝑃𝑑
2
 
 
(1.6) 
C2, Normal, C3, C4, and C5 (from the lowest to the highest play). The clearance in each 
class increases with the bearing size. Standard DGBB have Normal radial play. 
 
                                                 
1 In this thesis the two terms clearance and play are used as synonyms. 
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Figure 1.5: Axial clearance 𝑃𝑒 and initial ball contact angle 𝛼°. 
 
- Inner raceway diameter: 𝑑𝑖 
- Outer raceway diameter: 𝑑𝑜 
- Pitch diameter: 
 𝑑𝑚 =
𝑑𝑖 + 𝑑𝑜
2
 (1.7) 
The balls diameter and the inner and outer raceway diameters are not available in the 
manufacturers’ catalogue, they can be measured or estimated. In this work the following 
other estimations was made [6]: 
 
𝑑𝑚 =
𝑑 + 𝐷
2
 (1.8) 
 𝑑𝑖 = 𝑑𝑚 − 𝐷𝑏 = 0,2(4𝑑 + 𝐷) (1.9) 
 𝑑𝑜 = 𝑑𝑚 + 𝐷𝑏 = 0,2(𝑑 + 4𝐷) (1.10) 
It should be noted that the ball diameter and the inner and outer raceway diameters are 
computed neglecting the radial clearance. 
- Radial thickness of the inner and outer rings: 𝑡𝑖,  𝑡𝑜 
As for the balls diameter, only an empirical estimation is available for the rings 
thickness [7]: 
 𝑡 = 𝑡𝑖 = 𝑡𝑜 = 0,15(𝐷 − 𝑑) (1.11) 
- Axial play: 𝑃𝑒 
The axial play (or end play) is the maximum axial movement of the inner ring with 
respect to the outer when both rings are coaxially centred (Figure 1.5). It is a function of 
the bearing total curvature ratio 𝑓, of the diameter of the balls 𝐷𝑏 and of the diametral 
clearance 𝑃𝑑 [9]: 
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 𝑃𝑒 = √4𝑓𝐷𝑏𝑃𝑑 − 𝑃𝑑
2 = √4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟] (1.12) 
It should be noted that if the diametral play is zero also the axial play is zero. 
- Initial ball contact angle: 
 𝛼° =
180
𝜋
𝑎𝑠𝑖𝑛 (
𝑃𝑒
2𝑓𝐷𝑏
) =
180
𝜋
𝑎𝑠𝑖𝑛 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
) (1.13) 
It is defined as the angle made by a line joining the points of contact of the ball and the 
races with a plane perpendicular to the axis of the bearing when the axial clearance is 
closed (Figure 1.5). 
- Free angle of misalignment (Figure 1.6): 𝜗° 
It is defined as the maximum angle of which the inner ring axis can be rotated with 
respect to the outer ring axis without any torque applied [6]. 
 𝜗° ≈
180
𝜋
𝑃𝑒
𝑑𝑚
=
360
𝜋
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
𝑑 + 𝐷
 (1.14) 
 
 
Figure 1.6: Free angle of misalignment 
 
- Number of balls: 𝑧 
The number of balls is accessible only if you have the bearing at your fingertips, but 
even in this case, if the bearing has shields or seals, it is necessary to open it. To avoid 
this problem in this thesis the following empirical estimation is used [7]: 
 𝑧 = ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉ (1.15) 
- Angle between two consecutive balls (Figure 1.7): 
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 Φ =
360
𝑧
=
360
⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑⌉
 (1.16) 
 
Figure 1.7: Angle between two consecutive balls. 
 
The geometrical relationships listed in Table 1.1 are the foundations on which the rest 
of the work developed in this thesis is based. 
 
Parameter Symbol Formula Units 
Diameter of the balls 𝐷𝑏 0,3(𝐷 − 𝑑) mm 
Radius of the inner raceway 
groove 
𝑟𝑖 0,1575(𝐷 − 𝑑) mm 
Radius of the outer raceway 
groove 
𝑟𝑜 0,1575(𝐷 − 𝑑) mm 
Pitch diameter 𝑑𝑚 
𝑑 + 𝐷
2
 mm 
Inner raceway diameter 𝑑𝑖 0,2(4𝑑 + 𝐷) mm 
Outer raceway diameter 𝑑𝑜 0,2(𝑑 + 4𝐷) mm 
Thickness of the rings 𝑡 0,15(𝐷 − 𝑑) mm 
Axial play 𝑃𝑒 √4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟] mm 
Initial ball contact angle 𝛼° 
180
𝜋
𝑎𝑠𝑖𝑛 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
) ° 
Free angle of misalignment 𝜗° 360
𝜋
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
𝑑 + 𝐷
 ° 
Number of balls 𝑧 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉  
Angle between two 
consecutive balls 
Φ 
360
⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑⌉
 ° 
 
Table 1.1: Derived geometrical parameters. 
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Chapter 2  
 
Ball and plate 
 
The study of the load-deflection behaviour of a DGBB is based on the study of the 
contact mechanics between the balls and the raceways. Before studying the contact 
mechanics of a DGBB, a preliminary analysis on a simple ball and plate system was 
developed to gain confidence on the topic. 
 
2.1 Purpose 
The purpose of this analysis is to compare the analytical Hertz contact formulation with 
a finite element analysis. A ball-plate contact (Figure 2.1) was studied because of its 
affinity with the type of contacts which occurs in a ball bearing; in fact in a ball-plate 
problem the contact is circular, which is a particular case of the elliptical contact which 
occurs in the ball-raceway problem. 
 
 
Figure 2.1: Ball and plate contact problem. 
 
This simple problem was approached both analytically using the Hertz contact theory, 
both by finite element analysis. 
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2.2 Hertz contact theory 
In 1881 Hertz [4] solved the problem of two elastic bodies in contact and his solution is 
the foundation of all the other contact theories developed thereafter. 
In this thesis the Hertz’s classical theory of non-adhesive contact is used and the 
following assumptions were made in accordance with it: 
1) Linear elastic materials. 
2) The radii of curvature of the contacting bodies are large compared with the 
significant dimension of the contact area: it allows for each surface to be 
approximated as an elastic half space. 
3) The dimensions of each body are large compared to the significant dimension of 
the contact area: stresses and strains produced from the contact can be 
considered independent of the geometry, method of attachment, and boundaries 
of each solid. 
4) The contacting bodies are in frictionless contact. 
5) The surfaces in contact are continuous and nonconforming: no sharp corners or 
rough surfaces in the contacting bodies. 
 
2.3 Definition of the problem 
For our purpose the solution of the ball-plate contact problem is solved by computing 
the indentation depth between the two bodies. In contact mechanics the indentation 
depth is the mutual deflection of two bodies in contact due only to the compression in 
the contact areas. 
The problem can be solved knowing only the parameters in Table 2.1: 
 
Parameter Symbol Units 
Radius of the ball 𝑅𝑏 mm 
Young´s modulus of the ball 𝐸𝑏 MPa 
Young´s modulus of the plate 𝐸𝑝 MPa 
Poisson´s ratio of the ball 𝜈𝑏 / 
Poisson´s ratio of the plate 𝜈𝑝 / 
Compression force 𝐹 N 
 
Table 2.1: Input parameters of a ball-plate contact problem 
 
According to the Hertz theory [4] the compression between a ball and a plate is: 
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 𝛿 = (
3
4𝐸𝑒𝑞√𝑅𝑒𝑞
)
2
3
𝐹
2
3 (2.1) 
- 𝑅𝑒𝑞 is the equivalent radius of curvature: 
 𝑅𝑒𝑞 = 𝑅𝑏 (2.2) 
- 𝐸𝑒𝑞 is the equivalent elastic modulus: 
 𝐸𝑒𝑞 = (
1 − 𝜐𝑏
2
𝐸𝑏
+
1 − 𝜐𝑝
2
𝐸𝑝
)
−1
 (2.3) 
 
2.4 Load-deflection relation 
Since we are interested in the computation of the stiffness of this mechanical system, 
equation (2.1) is inverted: 
 𝐹 =
4𝐸𝑒𝑞√𝑅𝑒𝑞
3
 𝛿
3
2 (2.4) 
It should be noted that the load-deflection relation is not linear, which means that the 
stiffness of the contact is not constant with the displacement: 
 𝑘(𝛿) =
𝑑𝐹(𝛿)
𝑑𝛿
= (2𝐸𝑒𝑞√𝑅𝑒𝑞)√𝛿 (2.5) 
 
2.5 Load-deflection constant 
Instead of working with a non-constant stiffness, for our purpose it is more convenient 
to define a parameter strictly related to the stiffness but constant with the load and the 
deflection. Rearranging (2.4), the load-deflection constant of the ball-plate contact is 
defined as follows: 
 𝐾𝐻𝑧 =
𝐹
𝛿
3
2
=
4𝐸𝑒𝑞√𝑅𝑒𝑞
3
 (2.6) 
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The analytical load-deflection constant of a ball and plate contact problem in which 
both elements are made of steel is shown in Table 2.2. 
 
Parameter Value Units 
𝑅𝑏 1,59 mm 
𝐸𝑏 200000 MPa 
𝜈𝑏 0,3 / 
𝐸𝑝 200000 MPa 
𝜈𝑝 0,3 / 
𝐾𝐻𝑧 184755 N/mm
1,5 
 
Table 2.2: Analytical load-deflection constant for a steel-to-steel ball and plate contact. 
 
The comparison between the analytical and the finite element solutions to this problem 
was made by the comparison between the corresponding values of the load-deflection 
constant of a steel-to-steel ball and plate contact. 
 
2.6 Finite element analysis 
When a finite element model is realised it is important to set correctly its boundary 
conditions because of their great influence on the results. In our case the boundary 
conditions of the ball-plate model must match the boundary conditions applied in the 
analytical model of the Hertz solution. Unfortunately from the literature it is not clear 
which are the correct boundary conditions to apply, so different sets of boundary 
condition were tested. This led us to the realisation of four different finite element 
models of the same ball-plate problem. 
 
2.7 Geometry 
Taking advantage of the symmetries that this problem offers, two reduced geometry 
models were realised: 
- 1/8 of the ball - 1/4 of the plate (Figure 2.2a). 
- 1/4 of the ball - 1/4 of the plate (Figure 2.2b). 
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Figure 2.2: Two different finite elements models of the ball and plate contact problem: 
a) 1/8 ball - 1/4 plate; b) 1/4 ball - 1/4 plate. 
 
The model depicted in Figure 2.2a lacks of the upper eighth of the ball in comparison to 
the other one: this model was created to reduce as much as possible the number of 
elements. The use of this model implies some assumption on the behaviour of the nodes 
of the upper surface of the eighth of the ball, as described in the following sections. 
The geometric input parameters of the models are summarised in Table 2.3: 
 
Parameter Symbol Value Units 
Radius of the ball 𝑅𝑏 1,59 mm 
Radius of the plate 𝑅𝑝 1,59 mm 
Thickness of the plate 𝑡 1,59 mm 
 
Table 2.3: Geometric input parameters of the finite element model. 
 
The thickness of the plate is not a necessary input parameter of the Hertzian analytical 
model because one of the basic assumptions is that the bodies are considered much 
larger than the significant dimension of the contact area. 
 
2.8 Materials 
Both the ball and the plate were modelled as made of structural steel, therefore they 
have the following properties: 
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Parameter Symbol Value Units 
Young´s modulus of the ball 𝐸𝑏 200000 MPa 
Young´s modulus of the plate 𝐸𝑝 200000 MPa 
Poisson´s ratio of the ball 𝜈𝑏 0,3 / 
Poisson´s ratio of the plate 𝜈𝑝 0,3 / 
 
Table 2.4: Material properties of the ball and the plate. 
 
2.9 Mesh 
The mesh was realised to have a progressive refinement towards the contact area 
(Figure 2.3, Table 2.5). 
 
 
Figure 2.3: Progressive refinement of the mesh 
 
Parameter Symbol Value Units 
Mesh ratio 𝑐 ≪ 1 / 
Contact area mesh element size 𝑀𝑆 𝑐𝑅𝑏 mm 
Transition mesh element size 𝑇𝑀𝑆 4𝑐𝑅𝑏 mm 
General mesh element size 𝐺𝑀𝑆 𝑅𝑏/5 mm 
 
Table 2.5: Mesh element size of the ball-plate model. 
 
2.10 Contacts 
The contact between the ball and the plate (Figure 2.4) is modelled as a frictionless 
contact. The details are shown in Table 2.6. 
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Contact Setting 
Type Frictionless Surface-to-Surface 
Contact Body Ball 
Target Body Plate 
Behaviour Asymmetric 
Formulation Augmented Lagrangian 
Detection Method On Gauss Point 
 
Table 2.6: Contact setting. 
 
 
Figure 2.4: Surfaces involved in the contact: a) contact surface; b) target surface. 
 
2.11 Boundary conditions 
Four models were realised, each of which has its own set of boundary conditions. 
Some of the constraints are the same for each model. They are summarised in Table 2.7 
with reference to Figure 2.5 for the designation of the surface. 
 
Shared Constraints 
  Axis 
Surface Type X Y Z 
A Displacement free free 0 
B Displacement free 0 free 
C Displacement 0 free free 
 
Table 2.7: Constraints in common between the finite element models. 
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Figure 2.5: Boundary condition in common between the two different models. 
 
The constraints applied to the surfaces A and C express the condition of axial symmetry 
of the problem. 
 
Model 
Geometry 
Load Measurement Figure 
Ball Plate 
1 1/8 1/4 
Displacement in the -y 
direction imposed to the upper 
surface  
Reaction force on the 
upper surface 
Figure 
2.6a 
2 1/8 1/4 
Force applied to the upper 
surface in the -y direction 
Displacement of the 
centre of the ball 
Figure 
2.6b 
3 1/4 1/4 
Force applied to the upper 
central vertex in the -y 
direction 
Displacement of the 
centre of the ball 
Figure 
2.6c 
4 1/4 1/4 
Force applied to the external 
surface of the ball in the -y 
direction 
Displacement of the 
centre of the ball 
Figure 
2.6d 
 
Table 2.8: Loads and measurements of the finite element models. 
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Figure 2.6: Boundary conditions for each of the models. 
 
2.12 Mesh sensitivity analysis 
Five simulations with a different mesh refinements (Table 2.9) for each of the four 
models described above (20 simulations in total) were performed to evaluate the quality 
of the mesh: the size of the elements in the contact area (𝑀𝑆) is set as a ratio of the 
radius of the ball 𝑅𝑏. 
 
Simulation 𝑀𝑆/𝑅𝑏 
1 1/20 
2 1/40 
3 1/60 
4 1/80 
5 1/100 
 
Table 2.9: Mesh ratio for each simulation. 
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The critical result monitored during the analysis is the load-deflection constant 𝐾. For 
each simulation it was also compared to its analytical value from the Hertz theory. For a 
ball-plate contact problem with both of the bodies made of steel, the analytical load-
deflection constant is: 
 𝐾𝐻𝑧 = 184755 
𝑁
𝑚𝑚1,5
 (2.7) 
The following results are shown for each simulation from Table 2.10 to Table 2.13 and 
from Figure 2.7 to Figure 2.14: 
- The value of the load-deflection constant: 
 𝐾𝑖, 𝑖 = 1…5 (2.8) 
- The percentage difference of 𝐾 relative to the value obtained with the finest 
mesh: 
 %𝐷𝑖𝑓𝑓𝐾 = |
𝐾𝑖 −𝐾5 
𝐾5
| , 𝑖 = 1…5 (2.9) 
- The percentage error of 𝐾 relative to the Hertz theory value 𝐾𝐻𝑧: 
 %𝐸𝑟𝑟𝐾 =
𝐾𝑖 − 𝐾𝐻𝑧 
𝐾𝐻𝑧
, 𝑖 = 1…5 (2.10) 
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Model 1 
 
𝐾 [𝑁/𝑚𝑚1,5] %𝐷𝑖𝑓𝑓𝐾 %𝐸𝑟𝑟𝐾 
Hertz Theory 184755 / 0,00% 
𝑀
𝑆
/𝑅
𝑏
 
1/20 194834 1,76% 5,46% 
1/40 196782 0,78% 6,51% 
1/60 197573 0,38% 6,94% 
1/80 198091 0,12% 7,22% 
1/100 198332 0,00% 7,35% 
 
Table 2.10: Model 1 - Simulations results. 
 
 
Figure 2.7: Model 1 - Mesh sensitivity. 
 
 
Figure 2.8: Model 1 - Error from Hertz theory. 
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Model 2 
 
𝐾 [𝑁/𝑚𝑚1,5] %𝐷𝑖𝑓𝑓𝐾 %𝐸𝑟𝑟𝐾 
Hertz Theory 184755 / 0,00% 
𝑀
𝑆
/𝑅
𝑏
 
1/20 197039 3,38% 6,65% 
1/40 201086 1,40% 8,84% 
1/60 202590 0,66% 9,65% 
1/80 203452 0,24% 10,12% 
1/100 203937 0,00% 10,38% 
 
Table 2.11: Model 2 - Simulations results. 
 
 
Figure 2.9: Model 2 - Mesh sensitivity. 
 
 
Figure 2.10: Model 2 - Error from Hertz theory. 
CHAPTER 2. BALL AND PLATE 
29 
Model 3 
 
𝐾 [𝑁/𝑚𝑚1,5] %𝐷𝑖𝑓𝑓𝐾 %𝐸𝑟𝑟𝐾 
Hertz Theory 184755 / 0,00% 
𝑀
𝑆
/𝑅
𝑏
 
1/20 197039 1,96% 4,79% 
1/40 201086 1,87% 4,89% 
1/60 202590 0,19% 6,68% 
1/80 203452 0,03% 6,92% 
1/100 203937 0,00% 6,89% 
 
Table 2.12: Model 3 - Simulations results. 
 
 
Figure 2.11: Model 3 - Mesh sensitivity. 
 
 
Figure 2.12: Model 3 - Error from Hertz theory. 
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Model 4 
 
𝐾 [𝑁/𝑚𝑚1,5] %𝐷𝑖𝑓𝑓𝐾 %𝐸𝑟𝑟𝐾 
Hertz Theory 184755 / 0,00% 
𝑀
𝑆
/𝑅
𝑏
 
1/20 197039 2,15% 8,64% 
1/40 201086 0,81% 10,12% 
1/60 202590 0,34% 10,65% 
1/80 203452 0,12% 10,88% 
1/100 203937 0,00% 11,02% 
 
Table 2.13: Model 4 - Simulations results. 
 
 
Figure 2.13: Model 4 - Mesh sensitivity. 
 
 
Figure 2.14: Model 4 - Error from Hertz theory. 
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2.13 Conclusion 
The following conclusions can be drawn from the previous analysis: 
- The 1st model (Table 2.10), in which the load is forced as a displacement of the 
upper face turned out to be rather stiffer than the Hertz model (+7,35%). 
However it can be considered a reasonable approximation of the problem 
because the difference between the two models is less than 10%. 
- The 2nd model (Table 2.11), in which the force is applied uniformly to the upper 
surface, shows very different results in comparison to the Hertz theory 
(+10,38%): when a force is uniformly applied to a surface means that it is 
divided equally into nodal forces; probably the difference between this force 
distribution and the real one in the middle surface of the ball is the main cause of 
the difference in the results. 
- In the 3rd model (Table 2.12), in which the force is applied to the upper central 
vertex, a quarter of the ball is used instead of an eighth and no assumptions were 
made on the distribution force or on the displacement of the middle surface; it is 
closer to the complete model and it shows the closest results to the Hertz theory 
(+6,89%). 
- The 4th model (Table 2.13), in which the force is applied uniformly to the 
external surface of a quarter of the ball, shows very different results relative to 
the Hertz theory (+11,02%): the boundary conditions applied to this model are 
clearly not in line with the Hertz formulation. 
- All the four models show a slight dependency of the load-deflection constant in 
relation to the mesh element size in the contact area: the maximum difference 
between the two extreme meshes occurs in the 2nd model and it is 3,38% (Table 
2.11). 
- The finer is the mesh the more difference there is between the finite element 
results and the Hertz theory. 
- Only the 3rd model shows results which seem to have a convergent trend to an 
asymptotic value of the load-deflection constant as shown in Figure 2.11 and 
Figure 2.12. Probably an asymptotic behaviour would appear also for the other 
models if a more refined mesh is created, but the computational time would be 
too long for any practical purpose. 
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- Considering that the 3rd model is the one with the boundary conditions most 
similar to those which occur in a ball of a bearing (Figure 2.6c), the outcomes 
from its analysis can be assumed more meaningful than the others: as can be 
seen in Figure 2.11 the value of the load-deflection constant is not affected 
greatly by the mesh refinement (the maximum difference is +1,96%), therefore a 
mesh ratio 𝑀𝑠/𝑅𝑏 between 1/20 and 1/100 for the areas around the ball-
raceways contacts could be considered suitable for a finite element analysis of a 
DGBB. 
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Chapter 3  
 
Analytical estimation of the  
load-deflection behaviour 
 
In the following sections the load-deflection behaviour of a DGBB is presented from an 
analytical point of view.  
 
3.1 Deep groove ball bearing load-deflection relationship 
The force-deflection relation of a DGBB is a non-linear relationship between the vector 
of the displacements of the inner ring relative to the outer ring and the force acting on 
the inner ring (Figure 3.1): 
 
 
Figure 3.1: Loads and displacements of a deep groove ball bearing. 
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 ?⃑? = [𝑑𝑥 𝑑𝑦 𝑑𝑧 𝜃𝑥 𝜃𝑦]𝑇 (3.1) 
 ?⃑? = [𝐹𝑥(?⃑?) 𝐹𝑦(?⃑?) 𝐹𝑧(?⃑?) 𝑀𝑥(?⃑?) 𝑀𝑦(?⃑?)]𝑇 (3.2) 
Generally each component of ?⃑? depends on each component of ?⃑? in a strongly non-
linear way, but in this thesis a very simplified version of the load-deflection relationship 
is studied: 
- The load-deflection relationship is expressed in a cylindrical coordinate system. 
- The cross-coupling terms are neglected: their study could be of interest in a rotor 
vibration dynamic analysis, but it was considered out of purpose in this thesis. 
- The torsional load-deflection behaviour due to a misalignment between the axes 
of the two rings (Figure 1.6) is not considered (the DGBB is considered as a 
spherical support): the reason behind this assumption is that the conditions 
during which the bearing works as a torsional spring do not occur very often 
because a DGBB is not supposed to work with high misalignment angles in 
order not to reduce significantly its life; moreover since simulations in MSC 
Adams involve rigid bodies the angles are limited because the maximum 
contribution is usually caused by the shafts deformation. 
Applying the above mentioned assumptions, and considering a cylindrical coordinate 
system, the vectors of general forces and displacements become: 
 ?⃑? = [𝑑𝑟 𝑑𝑧]
𝑇 (3.3) 
 ?⃑? = [𝐹𝑟(𝑑𝑟) 𝐹𝑧(𝑑𝑧)]
𝑇 (3.4) 
 
3.2 Analytical models 
The problem of the estimation of the load-deflection behaviour of a DGBB was 
approached both by analytical both by finite element analysis. In the following 
paragraphs two different analytical models found in the literature are presented, 
conformed to the end-user needs and compared: 
- Harris’ model [6], which is a theoretical model based on the Hertz contact 
formulation. 
- Palmgren’s model [1] [2], which is a semi-empirical model. 
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3.3 Radial load-deflection relationship 
3.3.1 General assumptions 
The following assumptions, in common between Harris´ and Palmgren´s models, are 
considered through the entire discussion: 
- A static analysis is performed. 
- Centrifugal and gyroscopic effects on the rolling elements are ignored: this 
assumption is valid for low-medium rotational speeds, which is exactly the case 
of the actuators developed by the A1 research group. 
- Lubrication is ignored: the lubrication mainly affects the bearing life length but 
not its load-deflection behaviour.  
- The presence of the cage is neglected. 
 
3.3.2 Harris’ model 
The estimation of the load-deflection relation of a DGBB involves the study of the 
contact between the balls and the raceways. Since Harris based its model on the Hertz 
contact theory the assumptions from 1) to 5) made in Chapter 2 are valid. Therefore the 
ball-raceways contact problem, which is an elliptical problem, is solved as an equivalent 
ball-plate contact in which the ball is rigid and the plate is modelled as an elastic-half 
space which has the equivalent material and geometrical properties (𝑅𝑒𝑞 and 𝐸𝑒𝑞) of the 
two real bodies involved in the contact. 
 
Contact deformation 
The Hertz theory [4] for elliptical contacts leads to the following expression of the 
compression in the contact area between a ball and one of the raceways: 
 𝛿 = ℑ [
1
2ℰ𝑅𝑒𝑞
(
3
2𝜋𝑘𝐸𝑒𝑞
)
2
]
1
3
𝐹
2
3 (3.5) 
It should be noted that (2.1) is a particular case of (3.5), in fact a circular contact is a 
particular case of an elliptical contact in which ℑ, ℰ and 𝑘 are equal to 1. 
Where: 
- 𝐹 is the load on one ball. 
- 𝑘 is the elliptical eccentricity parameter (it is the ratio between the axes of the 
ellipse of contact). 
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- ℑ is the complete elliptic integral of the first kind (it does not have any 
geometrical meaning). 
- ℰ is the complete elliptic integral of the second kind (from a geometrical point 
of view it is a dimensionless measure of the circumference of the ellipse of 
contact). 
- 𝑅𝑒𝑞 is the equivalent radius of the contact. 
- 𝐸𝑒𝑞 is the equivalent elastic modulus: 
 𝐸𝑒𝑞 = (
1 − 𝜐1
2
𝐸1
+
1 − 𝜐2
2
𝐸2
)
−1
 (3.6) 
(𝐸1, 𝜐1) and (𝐸2, 𝜐2) are the Young´s modulus and the Poisson´s ratio of the ball and of 
the rings respectively. 
 
Ball-inner ring contact 
 
 
Figure 3.2: Principal radii of curvature of the ball-raceway contacts. 
 
The equivalent radius of the inner contact (Figure 3.2) is: 
 𝑅𝑒𝑞,𝑖 = (
1
𝑅𝑥,𝑖
+
1
𝑅𝑦,𝑖
)
−1
 (3.7) 
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1
𝑅𝑥,𝑖
=
1
𝑅𝑥1
+
1
𝑅𝑥2,𝑖
=
2
𝐷𝑏
+
2
𝑑𝑖
 (3.8) 
 1
𝑅𝑦,𝑖
=
1
𝑅𝑦1
−
1
𝑅𝑦2,𝑖
=
2
𝐷𝑏
−
1
𝑓𝑖𝐷𝑏
 
(3.9) 
 𝑅𝑒𝑞,𝑖 = (
2
𝐷𝑏
+
2
𝑑𝑖
+
2
𝐷𝑏
−
1
𝑓𝑖𝐷𝑏
)
−1
 (3.10) 
Substituting (1.1), (1.4) and (1.9) in (3.10): 
 𝑅𝑒𝑞,𝑖 =
(𝐷 − 𝑑)(4𝑑 + 𝐷)
17,936𝑑 + 16,984𝐷
 (3.11) 
 
Ball-outer ring contact 
The equivalent radius of the outer contact (Figure 3.2) is: 
 𝑅𝑒𝑞,𝑜 = (
1
𝑅𝑥,𝑜
+
1
𝑅𝑦,𝑜
)
−1
 (3.12) 
 1
𝑅𝑦,𝑜
=
1
𝑅𝑦1
−
1
𝑅𝑦2,𝑜
=
2
𝐷𝑏
−
1
𝑓𝑜𝐷𝑏
 
(3.13) 
 
𝑅𝑒𝑞,𝑜 = (
2
𝐷𝑏
−
2
𝑑𝑜
+
2
𝐷𝑏
−
1
𝑓𝑜𝐷𝑏
)
−1
 
(3.14) 
Substituting (1.1), (1.4) and (1.10) in (3.14): 
 𝑅𝑒𝑞,𝑜 =
(𝐷 − 𝑑)(𝑑 + 4𝐷)
16,984𝑑 + 17,936𝐷
 (3.15) 
 
Elliptical eccentricity and integrals 
Hamrock and Brewe [10] [11], using a least square method of linear regression, 
obtained approximations for the elliptical parameters 𝑘, ℑ and ℰ. 
They proposed two different sets of approximated formulas: 
- The first set assures the most precise results (Table 3.1). 
- The second set assures a less precise approximation but has the advantage of 
simpler formulas (Table 3.2). 
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Elliptical Parameters - First Set of Approximated Formulas 
Description Symbol Exact Expression Approximation 
Elliptical 
eccentricity 
parameter 
(Figure 3.3) 
𝑘 
𝑏
𝑎
 1,0339 (
𝑅𝑦
𝑅𝑥
)
0,636
 
Complete 
elliptic integral 
of the first kind 
ℑ ∫ [1 − (1 −
1
𝑘2
) sin2𝜙]
−
1
2
𝜋
2
0
𝑑𝜙 1,5277 + 0,6023 ln (
𝑅𝑦
𝑅𝑥
) 
Complete 
elliptic integral 
of the second 
kind 
ℰ ∫ [1 − (1 −
1
𝑘2
) sin2𝜙]
1
2
𝜋
2
0
𝑑𝜙 
1,0003 +
0,5968
(
𝑅𝑦
𝑅𝑥
)
 
Error in the 
estimation of 𝑘 
𝑒𝑘 3% 
Error in the 
estimation of ℑ 
𝑒𝑘 0% 
Error in the 
estimation of ℰ 
𝑒ℰ 0% 
 
Table 3.1: Elliptical parameters - First set of approximated formulas. 
 
Elliptical Parameters - First Set of Approximated Formulas 
Description Symbol Exact Expression Approximation 
Elliptical 
eccentricity 
parameter 
(Figure 3.3) 
𝑘 
𝑏
𝑎
 (
𝑅𝑦
𝑅𝑥
)
2
𝜋
 
Complete elliptic 
integral of the 
first kind 
ℑ ∫ [1 − (1 −
1
𝑘2
) sin2𝜙]
−
1
2
𝜋
2
0
𝑑𝜙 
𝜋
2
+ (
𝜋
2
− 1) 𝑙𝑛 (
𝑅𝑦
𝑅𝑥
) 
Complete elliptic 
integral of the 
second kind 
ℰ ∫ [1 − (1 −
1
𝑘2
) sin2𝜙]
1
2
𝜋
2
0
𝑑𝜙 
1 +
(
𝜋
2 − 1)
(
𝑅𝑦
𝑅𝑥
)
 
Error in the 
estimation of 𝑘 
𝑒𝑘 3,8% 
Error in the 
estimation of ℑ 
𝑒𝑘 2,1% 
Error in the 
estimation of ℰ 
𝑒ℰ 0,9% 
 
Table 3.2: Elliptical parameters - Second set of approximated formulas. 
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Figure 3.3: Elliptical contact area. 
 
The ratio between the x and y equivalent radii of the inner and outer contacts is needed 
to compute the elliptical parameters: 
 
𝑅𝑦,𝑖
𝑅𝑥,𝑖
=
2
𝐷𝑏
+
2
𝑑𝑖
2
𝐷𝑏
−
1
𝑓𝑖𝐷𝑏
=
𝐷 + 𝑑
0,01905(4𝑑 + 𝐷)
 (3.16) 
 
𝑅𝑦,𝑜
𝑅𝑥,𝑜
=
2
𝐷𝑏
−
2
𝑑𝑜
2
𝐷𝑏
−
1
𝑓𝑜𝐷𝑏
=
𝐷 + 𝑑
0,01905(𝑑 + 4𝐷)
 (3.17) 
As shown in the following paragraphs the two sets of approximated formulas of the 
elliptical parameters give different results if applied to the radial load-deflection 
analytical model and they were used to obtain two different estimations of the load-
deflection constant of a DGBB. 
 
Normal load-deflection constant 
Inverting equation (3.5) and applying it to both the inner and the outer contact: 
 𝐹𝑖 =
2𝜋𝑘𝑖𝐸𝑒𝑞,𝑖√2ℰ𝑖𝑅𝑒𝑞,𝑖
3ℑ𝑖
3
2
𝛿𝑖
1,5 = 𝐾𝑖𝛿𝑖
1,5
 (3.18) 
 
𝐹𝑜 =
2𝜋𝑘𝑜𝐸𝑒𝑞𝑜√2ℰ𝑜𝑅𝑒𝑞𝑜
3ℑ𝑜
3
2
𝛿𝑜
1,5 = 𝐾𝑜𝛿𝑜
1,5
 (3.19) 
The two ball-raceway contacts work like two springs in series: 
 𝐹 = 𝐹𝑖 = 𝐹𝑜 (3.20) 
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 𝛿 = 𝛿𝑖 + 𝛿𝑜 (3.21) 
 
𝐹 = [(
1
𝐾𝑖
)
2/3
+ (
1
𝐾𝑜
)
2/3
]
−2/3
𝛿1,5 = 𝐾𝑖𝑜𝛿
1,5 (3.22) 
Therefore the normal load-deflection constant is 
 
𝐾𝑖𝑜 = [(
1
𝐾𝑖
)
2/3
+ (
1
𝐾𝑜
)
2/3
]
−3/2
 (3.23) 
Two different estimations of the normal load-deflection constant of a DGBB can be 
obtained depending on which set of formulas is used to approximate the elliptical 
parameters. 
If the first set of equations is used2 (Table 3.1): 
 
𝐾𝑖𝑜,1 = 0,852𝐸𝑒𝑞√𝐷𝑏 
(3.24) 
If the second set of equations (Table 3.2) is used: 
 
𝐾𝑖𝑜,2 = 0,941𝐸𝑒𝑞√𝐷𝑏 
(3.25) 
This kind of approximation is in line with the results obtained by other authors, such as 
Palmgren [1] [2], Gargiulo [12] and Krämer [13]. 
Substituting the empirical relation (1.1) in (3.25) and (3.26) it is possible to obtain an 
estimation of 𝐾𝑖𝑜 based only on the knowledge of the bore and outer diameters of the 
DGBB: 
 
𝐾𝑖𝑜,1 = 0,467𝐸𝑒𝑞√𝐷 − 𝑑 
(3.26) 
 𝐾𝑖𝑜,2 = 0,516𝐸𝑒𝑞√𝐷 − 𝑑 (3.27) 
The obtained results are summarised in Table 3.3: 
 
𝐾𝑖𝑜 = 𝐻𝐸𝑒𝑞√𝐷 − 𝑑 
Model Name 
Identification 
Number 
𝐻 
Harris 1 0,467 
Harris (H&B Simpl.) 2 0,516 
 
Table 3.3: Estimations of the normal load-deflection constants based on Harris’ theory. 
                                                 
2 Harris [6] uses this set of approximated formulas to estimate the elliptical parameters. 
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Internal load distribution 
The transfer of the load from the one ring to the other occurs by means of the balls. 
Harris in his model considers a rigidly supported bearing. In other words, the rings are 
considered rigid bodies and their relative approach is due only to the compression 
between the balls and the raceways in the contact areas (Figure 3.4). Another implicit 
assumption made by Harris is that the load-deflection behaviour is time-invariant and it 
does not depend on the position of the balls relative to the direction of the radial load. 
Specifically Harris computes the load-deflection constant for the stiffest configuration 
[14] [15] in which there is one ball over the direction of the load. 
 
Figure 3.4: Inner ring deflection under the assumption of rigid rings. 
 
Therefore for a rigidly supported bearing with a diametral clearance 𝑃𝑑 subjected to a 
radial displacement 𝑑𝑟 of the inner ring relative to the outer ring (Figure 3.4): 
- The angular extent of the load zone (Figure 3.5) is 
 
𝜓𝑙 =
180
𝜋
𝑐𝑜𝑠−1 (
𝑃𝑑
2𝑑𝑟
) (3.28) 
- The radial displacement at any ball position (Figure 3.4) is 
 𝑑𝜓 = 𝑑𝑟 𝑐𝑜𝑠 𝜓 (3.29) 
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- The radial compression of any ball is obtained subtracting the radial play from 
the displacement as follows: 
 𝛿𝜓 = 𝑑𝑟 𝑐𝑜𝑠 𝜓 −
1
2
𝑃𝑑 = 𝛿𝑚𝑎𝑥 [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠 𝜓)] (3.30) 
in which 
 𝛿𝑚𝑎𝑥 = 𝑑𝑟 −
𝑃𝑑
2
 (3.31) 
 𝜖 =
1
2
(1 −
𝑑𝑟
2𝑃𝑑
) (3.32) 
- The load distribution on the balls (Figure 3.5) is defined as follows (see (3.22)): 
 𝐹𝜓 = 𝐾𝑖𝑜𝛿𝜓
1,5
 (3.33) 
 𝐹𝑚𝑎𝑥 = 𝐾𝑖𝑜𝛿𝑚𝑎𝑥
1,5
 (3.34) 
 𝐹𝜓
𝐹𝑚𝑎𝑥
= (
𝛿𝜓
𝛿𝑚𝑎𝑥
)
1,5
 (3.35) 
 
𝐹𝜓 = 𝐹𝑚𝑎𝑥 [1 −
1
2𝜖
(1 − cos𝜓)]
1,5
 (3.36) 
in which 𝐹𝑚𝑎𝑥 is the force which occurs on the ball aligned with the load direction 
(Figure 3.4): 
 𝐹𝑚𝑎𝑥 = 𝐾𝑖𝑜𝛿𝜓=0
1,5 = 𝐾𝑖𝑜 (𝑑𝑟 −
1
2
𝑃𝑑)
1,5
 (3.37) 
For the static radial equilibrium of the inner ring (Figure 3.5), the applied radial load 𝐹𝑟 
is equal to the sum of the components of the ball loads in the direction of the load: 
 𝐹𝑟 = ∑ 𝐹𝜓 cos𝜓
𝜓=±𝜓𝑙
𝜓=0
= 𝐹𝑚𝑎𝑥 ∑ [1 −
1
2𝜖
(1 − cos𝜓)]
1,5
cos𝜓
𝜓=±𝜓𝑙
𝜓=0
 (3.38) 
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Figure 3.5: Static equilibrium of the inner ring. 
 
Introducing the Sjövall radial integral [6] to estimate the summation in (3.38) 
 𝐽𝑟(𝜖) =
1
2𝜋
∫ [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠 𝜓)]
1,5
𝑐𝑜𝑠 𝜓 𝑑𝜓
+𝜓𝑙
−𝜓𝑙
 (3.39) 
Harris obtains his final formulation of the radial equilibrium: 
 𝐹𝑟 = 𝑧𝐹𝑚𝑎𝑥𝐽𝑟(𝜖) (3.40) 
The load-deflection relation of the whole bearing is obtained substituting (3.37) in 
(3.40): 
 𝐹𝑟 = 𝑧𝐾𝑖𝑜𝐽𝑟(𝜖) (𝑑𝑟 −
1
2
𝑃𝑑)
1,5
 (3.41) 
 𝐾𝑟(𝑑𝑟) = 𝑧𝐾𝑖𝑜𝐽𝑟(𝜖) (3.42) 
 
Radial load-deflection constant 
Harris´ load-deflection relation is strongly non-linear and the proportionality coefficient 
between the radial load and displacement depends itself on the deflection. 
In 1907 Stribeck computes the maximum force applied to the ball over the load 
direction for bearings without clearance: 
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 𝐹𝑚𝑎𝑥 =
4,37
𝑧
𝐹𝑟 
(3.43) 
and he approximates the result to 
 𝐹𝑚𝑎𝑥 =
5
𝑧
𝐹𝑟 
(3.44) 
in order to take into account the effects of the internal clearance and of the rings 
flexibility. 
Substituting (3.44) in (3.40) the Stribeck´s approximation was used to simplify (3.41) 
and obtain an estimation of the radial load-deflection relationship of a DGBB 
 𝐹𝑟 =
𝑧
5
𝐾𝑖𝑜 (𝑑𝑟 −
1
2
𝑃𝑑)
1,5
= 𝐾𝑟𝛿𝑟
1,5
 (3.45) 
in which the coefficient of proportionality is constant: 
 
𝐾𝑟 =
𝐹𝑟
𝛿𝑟
1,5 =
𝑧
5
𝐾𝑖𝑜 (3.46) 
Substituting the approximations (3.24) and (3.25) in (3.46), the following load-
deflection constants based on the Harris original model can be obtained: 
 𝐾𝑟,1 = 0,170𝐸𝑒𝑞𝑧√𝐷𝑏 (3.47) 
 𝐾𝑟,2 = 0,188𝐸𝑒𝑞𝑧√𝐷𝑏 (3.48) 
Using the empirical formulas (1.1) and (1.15) the estimation of the radial load-
deflection constant can be made by knowing only the bore and the outer diameter of the 
bearing: 
 𝐾𝑟,1 = 0,093𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (3.49) 
 𝐾𝑟,2 = 0,103𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (3.50) 
It should be noted that the use of the Stribeck´s approximation makes the radial load-
deflection proportionality coefficient independent of the radial clearance. 
 
𝐾𝑟 = 𝐴𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 
Model Name 
Identification 
Number 
𝐴 
Harris 1 0,093 
Harris (H&B Simpl.) 2 0,103 
 
Table 3.4: Estimations of the radial load-deflection constants based on Harris’ theory. 
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The difference between the two estimations of the load-deflection constant is 
approximately 10%. This difference is due only to two different approximations of the 
elliptical parameters. 
 𝐾𝑟,2 − 𝐾𝑟,1
𝐾𝑟,1
≅ 10% (3.51) 
Figure 3.6 shows the application of the two models to a steel DGBB (Table 3.5). 
 
Property Value Units 
𝐸1, 𝐸2 200000 MPa 
𝜈1, 𝜈2 0,3 / 
𝑑 12 mm 
𝐷 24 mm 
𝑃𝑟 0,003 mm 
 
Table 3.5: Material and geometrical properties of the steel deep groove ball bearing used to compare the analytical 
models. 
 
Figure 3.6: Radial load-deflection behaviour of a deep groove ball bearing using the two models drawn from the 
Harris’ theory. 
 
3.3.3 Palmgren´s model 
Palmgren in [1] proposed a semi-empirical model to estimate the radial load-deflection 
behaviour of a steel DGBB. 
His model is based on the use of two graphs based on experimental data (Figure 3.7). 
The input parameters needed are: 
- The bearing total curvature ratio 𝑓. 
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- The diameter of the balls 𝐷𝑏. 
- The number of the balls z. 
- The radial clearance 𝑃𝑟. 
- The radial force 𝐹𝑟. 
The final outputs of the two plots are the normal load-deflection constant 𝐾𝑖𝑜 and the 
radial deflection of the inner ring relative to the outer ring 𝛿𝑟. 
 
 
Figure 3.7: Graphic computation of the radial deflection of a deep groove ball bearing. 
 
In addition to these graphs Palmgren gives also an analytical formula to estimate the 
normal load-deflection constant for low values of the total curvature ratio 𝑓: 
 𝑓 < 0,1 (3.52) 
 𝐾𝑖𝑜 =
34300
𝑓0,35
√𝐷𝑏   [𝑁/𝑚𝑚
1,5] (3.53) 
Substituting (1.1) and (1.4) in (3.53), and making the dependence on the material 
explicit, an estimation of 𝐾𝑖𝑜 based only on the knowledge of the two main bearing 
diameters was obtained: 
 𝐾𝑖𝑜 = 0,488𝐸𝑒𝑞√𝐷 − 𝑑 (3.54) 
A formulation of the radial load-deflection constant was drawn from the Palmgren´s 
model applying the Stribeck approximation on the internal load distribution, as already 
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done for the model proposed by Harris: Substituting (3.54) in (3.46) the load-deflection 
constant is 
 
𝐾𝑟,3 = 0,098𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (3.55) 
In [2] Palmgren gives a slightly different approximation of the load-deflection 
behaviour of a DGBB. Specifically he gives an approximation of the load-deflection 
constant neglecting the influence of the curvature ratio 𝑓 and of the radial clearance 𝑃𝑟: 
 𝐾𝑟,4 = 0,200𝐸𝑒𝑞𝑧√𝐷𝑏 (3.56) 
Substituting the estimation of 𝑧 (1.15) and 𝐷𝑏 (1.1) in (3.56) a second formulation of 𝐾𝑟 
is obtained: 
 
3.3.4 Comparison 
Then these two new estimations of 𝐾𝑟 were compared to those ones obtained from the 
Harris´ work (Table 3.6) 
 
𝐾𝑟 = 𝐴𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 
Model Name 
Identification 
Number 
𝐴 
Harris 1 0,093 
Harris (H&B Simpl.) 2 0,103 
Palmgren 3 0,098 
Palmgren (Approx.) 4 0,109 
 
Table 3.6: Estimations of the radial load-deflection constant based on the Harris and Palmgren´s theories. 
 
Between the two models drawn from the Palmgren´s theory there is a difference of: 
 𝐾𝑟,4 − 𝐾𝑟,3
𝐾𝑟,3
≅ 12% (3.58) 
Figure 3.8 shows the radial load-deflection behaviour of the DGBB defined in Table 3.5 
using the estimations derived from the Palmgren’s theory. The comparison between all 
the four theoretical models is shown in Figure 3.9. 
 
𝐾𝑟,4 = 0,109𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (3.57) 
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The maximum difference stands between model No. 1, which is the most compiant, and 
the model N°4, which is the stiffest, is: 
 𝐾𝑟,4 − 𝐾𝑟,1
𝐾𝑟,1
≅ 17% (3.59) 
 
 
Figure 3.8: Radial load-deflection behaviour of a deep groove ball bearing using the two models drawn from the 
Palmgren’s theory. 
 
 
Figure 3.9: Comparison between the analytical estimations of the radial load-deflection behaviour of a deep groove 
ball bearing. 
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3.3.5 Influence of the configuration of the balls 
In a DGBB the load-deflection behaviour is dependent on the position of the balls 
relative to the direction of the load [14] [15]: 
- In configuration 1 (Figure 3.10a) there is only one ball over the load direction. 
This is the stiffest configuration. 
- In configuration 2 (Figure 3.10b) there are two balls over the load direction. 
This is the most compliant configuration. 
The difference in stiffness between the two configurations is not so high, therefore it is 
often neglected. However it could be of importance in a rotor dynamic analysis 
concerning vibration transmission through the bearings. 
 
 
Figure 3.10: Deep groove ball bearing configurations: a) configuration 1; b) configuration 2. 
 
Considering a DGBB without radial clearance 
 𝑃𝑟 = 0 → 𝛿𝑟 = 𝑑𝑟 (3.60) 
which submits to the rigid rings assumption made by Harris, it is possible to prove that 
in first approximation it is reasonable to consider the two configurations equivalent to 
each other. 
Assuming that the number of balls involved in the loading is 
 𝑛 = ⌊
𝑧
2
⌋ (3.61) 
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the compression ratio (3.29) of the i-th ball (Figure 3.4) is 
 
𝛿𝑖
𝛿𝑟
= {
𝑐𝑜𝑠(𝑖Φ),                config.1
𝑐𝑜𝑠 (
1 + 2𝑖
2
Φ) ,   config.2
 (3.62) 
 𝑖 = 0…𝑛/2 (3.63) 
Where Φ is the angle between two consecutive balls (Figure 1.7) defined in (1.16). 
Considering the compression 𝛿0 of the 0-th ball 
 
𝛿0
𝛿𝑟
= {
1,                config. 1
𝑐𝑜𝑠 (
Φ
2
) ,   config. 2
 (3.64) 
   
and substituting 𝛿𝑟 from (3.64) to (3.63) the compression ratio relative to the 0-th ball is 
obtained 
 
𝛿𝑖
𝛿0
=
{
 
 
 
 𝑐𝑜𝑠(𝑖Φ),                config. 1
𝑐𝑜𝑠 (
1 + 2𝑖
2 Φ)
𝑐𝑜𝑠 (
Φ
2)
,   config. 2
 (3.65) 
 
Recalling (3.35) the load ratio can be defined as follows: 
 
𝐹𝑖
𝐹0
=
{
 
 
 
 
𝑐𝑜𝑠3/2(𝑖Φ) ,                  config. 1
[
𝑐𝑜𝑠 (
1 + 2𝑖
2 Φ)
𝑐𝑜𝑠 (
Φ
2)
]
3/2
,   config. 2
 (3.66) 
The static radial equilibrium of the inner ring (3.38) becomes 
 𝐹𝑟 =
{
 
 
 
 
 
 
𝐹0 [1 + 2∑𝑐𝑜𝑠
5/2(𝑖Φ)
𝑛/2
𝑖=1
] ,                                                      config. 1
2𝐹0 [𝑐𝑜𝑠 (
Φ
2
) +∑[
𝑐𝑜𝑠 (
1 + 2𝑖
2 Φ)
𝑐𝑜𝑠 (
Φ
2)
]
3/2
𝑐𝑜𝑠 (
1 + 2𝑖
2
Φ)
𝑛/2
𝑖=1
] , config. 2
 (3.67) 
Let us call 𝜒 the ratio between the maximum force on a ball 𝐹0 (previously 𝐹𝑚𝑎𝑥 in 
(3.34)) and the radial load 𝐹𝑟: 
CHAPTER 3. ANALYTCAL ESTIMATION OF THE LOAD-DEFLECTION BEHAVIOUR 
51 
 𝜒 =
𝑧𝐹0
𝐹𝑟
=
{
 
 
 
 
 
 
𝑧 [1 + 2∑𝑐𝑜𝑠5/2(𝑖Φ)
𝑛/2
𝑖=1
]
−1
,                       config. 1
𝑧
2
[𝑐𝑜𝑠 (
Φ
2
) +∑
𝑐𝑜𝑠5/2 (
1 + 2𝑖
2 Φ)
𝑐𝑜𝑠3/2 (
Φ
2)
𝑛/2
𝑖=1
]
−1
, config. 2
 (3.68) 
It should be noted that 𝜒 is the reciprocal of the summation in (3.38) computed in 
absence of the radial play. 
Considering the maximum compression of a ball, which occur in the 0-th ball: 
 𝛿0 = (
𝐹0
𝐾𝑖𝑜
)
2/3
= (
𝜒𝐹𝑟
𝑧𝐾𝑖𝑜
)
2/3
 (3.69) 
the expression of the radial compression (that without radial play is also equal to the 
radial displacement) can be obtained substituting (3.69) in (3.64): 
 𝛿𝑟 =
{
 
 
 
 (
𝜒𝐹𝑟
𝑧𝐾𝑖𝑜
)
2/3
,    config. 1
(
𝜒𝐹𝑟
𝑧𝐾𝑖𝑜
)
2/3
𝑐𝑜𝑠 (
Φ
2)
,   config. 2
 (3.70) 
Inverting (3.70) the load-deflection relation becomes 
 𝐹𝑟 =
{
 
 
𝑧𝐾𝑖𝑜
𝜒
𝛿𝑟
2/3
,                     config. 1
𝑧𝐾𝑖𝑜
𝜒
𝑐𝑜𝑠3/2 (
𝜓
2
) 𝛿𝑟
3/2
,   config. 2
 (3.71) 
The load deflection-constant (3.45) for the two configurations is: 
 𝐾𝑟 =
{
 
 
𝑧𝐾𝑖𝑜
𝜒
,                     config. 1
𝑧𝐾𝑖𝑜
𝜒
𝑐𝑜𝑠3/2 (
Φ
2
) ,   config. 2
 (3.72) 
Let us call 𝜉 the ratio between the normal and the radial load-deflection constants: 
 𝜉 =
𝑧𝐾𝑖𝑜
𝐾𝑟
= {
𝜒,                        config. 1
𝜒
𝑐𝑜𝑠3/2 (
Φ
2)
,      config. 2 (3.73) 
Substituting (3.68) in (3.73) the final expression of 𝜉 is obtained: 
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𝜉 =
{
 
 
 
 
 
 
𝑧 [1 + 2∑𝑐𝑜𝑠3/2(𝑖Φ)
𝑛/2
𝑖=1
]
−1
,                                               config. 1
𝑧
2
[𝑐𝑜𝑠 (
Φ
2
) +∑
𝑐𝑜𝑠5/2 (
1 + 2𝑖
2 Φ)
𝑐𝑜𝑠3/2 (
Φ
2)
𝑛/2
𝑖=1
]
−1
𝑐𝑜𝑠−3/2 (
Φ
2
) , config. 2
 (3.74) 
Computing 𝜉 for various number of balls it can be proved that it has approximately the 
same value in both configuration, therefore in first approximation the load-deflection 
constant is equal in both cases and the load-deflection behaviour is independent of the 
balls position (Table 3.7). 
 
𝜉1
𝜉2
=
𝐾𝑟,2
𝐾𝑟,1
 (3.75) 
 
Number of 
Balls 
Angle Between 
Balls 
Confiugration 1 Confiugration 2 
𝜉1/𝜉2 
z Φ 𝜒1 𝜉1 𝜒2 𝜉2 
8 45° 3,899 4,391 3,899 4,391 0,990 
9 40° 3,969 4,357 3,969 4,357 1,006 
10 36° 4,043 4,359 4,043 4,359 1,005 
11 32,7° 4,114 4,377 4,114 4,377 0,997 
12 30° 4,153 4,375 4,153 4,375 0,998 
13 27,7 4,178 4,367 4,178 4,367 1,002 
14 25,7° 4,204 4,373 4,204 4,367 1,001 
15 24° 4,230 4,368 4,230 4,372 0,999 
16 22,5° 4,246 4,372 4,246 4,372 0,999 
17 21,2° 4,258 4,371 4,258 4,369 1,001 
18 20° 4,270 4,369 4,270 4,369 1,001 
19 18,9° 4,282 4,369 4,282 4,371 1,000 
20 18° 4,290 4,369 4,290 4,371 1,000 
 
Table 3.7: Comparison between the load-deflection constant of the two main configuration of a deep groove ball 
bearing. 
 
3.4 Axial load-deflection relationship 
3.4.1 Harris´ model 
Harris [6] studied the load-deflection behaviour of a single row angular-contact ball 
bearing without internal clearance under combined radial and thrust load (Figure 3.11). 
In the following paragraphs it is shown how this formulation can be conformed to a 
DGBB to estimate its axial load-deflection constant. 
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Figure 3.11: Angular-contact ball bearing under combined radial and thrust load. 
 
Axial load-deflection behaviour of a single row angular-contact ball bearing 
The procedure to obtain the radial and axial load-deflection relationships of a single row 
angular-contact ball bearing is similar to that one already described for the radial 
behaviour of a DGBB (from (3.28) to (3.45)). 
It should be noted that the compression and the displacements are equal to each other 
because the bearing is considered without any internal clearance. 
 
 
Figure 3.12: Angular-contact ball bearing displacements due to combined radial and axial loading. 
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The compression at any ball (3.12) is 
 𝛿𝜓 = 𝛿𝑟𝑐𝑜𝑠(𝛼)𝑐𝑜𝑠(𝜓) + 𝛿𝑎𝑠𝑖𝑛(𝛼) (3.76) 
therefore the maximum ball compression 𝛿𝑚𝑎𝑥 is 
 𝛿𝜓 = 𝛿𝑟𝑐𝑜𝑠(𝛼)𝑐𝑜𝑠(𝜓) + 𝛿𝑎𝑠𝑖𝑛(𝛼) (3.77) 
 𝛿𝑚𝑎𝑥 = 𝛿𝜓=0 = 𝛿𝑟𝑐𝑜𝑠(𝛼) + 𝛿𝑎𝑠𝑖𝑛(𝛼)  
in which: 
- 𝛿𝑟 is the radial compression. 
- 𝛿𝑎 is the axial compression. 
- 𝛼 is the ball contact angle. It is a function of the initial ball contact angle 𝛼° 
defined in (1.13) and of the axial displacement 𝛿𝑎. The expression which describes 𝛼 is 
a non-linear implicit equation which needs an iterative process to be solved (it is 
omitted in this thesis because it is not necessary as described below). 
The extent of the load zone (Figure 3.5) is: 
 𝜓𝑙 =
360
𝜋
𝑎𝑐𝑜𝑠 (−
𝛿𝑎𝑡𝑎𝑛(𝛼)
𝛿𝑟
) (3.78) 
The load distribution (Figure 3.5) is: 
 𝐹𝜓 = 𝐹𝑚𝑎𝑥 [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠(𝜓))]
1,5
 (3.79) 
 𝜖 =
1
2
(1 +
𝛿𝑎𝑡𝑎𝑛(𝛼)
𝛿𝑟
) (3.80) 
The static radial and axial equilibrium of the inner ring (Figure 3.5) are: 
 𝐹𝑟 = 𝐹𝑚𝑎𝑥𝑐𝑜𝑠(𝛼) ∑ [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠(𝜓))]
1,5
𝑐𝑜𝑠(𝜓)
𝜓=±𝜓𝑙
𝜓=0
 (3.81) 
 
𝐹𝑎 = 𝐹𝑚𝑎𝑥𝑠𝑖𝑛(𝛼) ∑ [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠(𝜓))]
1,5
𝜓=±𝜓𝑙
𝜓=0
 (3.82) 
Introducing the radial and axial Sjövall integrals [6] to estimate the summations in 
(3.81) and (3.82): 
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 𝐽𝑟(𝜖) =
1
2𝜋
∫ [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠(𝜓))]
1,5
𝑐𝑜𝑠(𝜓)𝑑𝜓
+𝜓𝑙
−𝜓𝑙
 (3.83) 
 
𝐽𝑎(𝜖) =
1
2𝜋
∫ [1 −
1
2𝜖
(1 − 𝑐𝑜𝑠(𝜓))]
1,5
𝑑𝜓
+𝜓𝑙
−𝜓𝑙
 (3.84) 
the equations of equilibrium become: 
 𝐹𝑟 = 𝑧𝐹𝑚𝑎𝑥𝐽𝑟(𝜖)𝑐𝑜𝑠(𝛼) = 𝑧𝐾𝑖𝑜𝐽𝑟(𝜖)𝑐𝑜𝑠(𝛼)𝛿𝑚𝑎𝑥
1,5
 (3.85) 
 𝐹𝑎 = 𝑧𝐹𝑚𝑎𝑥𝐽𝑎(𝜖)𝑠𝑖𝑛(𝛼) = 𝑧𝐾𝑖𝑜𝐽𝑎(𝜖)𝑠𝑖𝑛(𝛼)𝛿𝑚𝑎𝑥
1,5
 (3.86) 
 
Axial load-deflection constant of a deep groove ball bearing 
The model used by Harris to compute the load-deflection behaviour of an angular-
contact ball bearing without clearance was used to estimate the axial behaviour of a 
DGBB with clearance. When the inner ring is displaced enough to close the axial play a 
contact angle is created similar to the one in the angular-contact ball bearing (Figure 
3.13). 
 
 
Figure 3.13: Initial ball contact angle: a) angular-contact ball bearing; b) deep groove ball bearing. 
The following assumptions were made: 
- The axial behaviour is decoupled from the radial. 
- The ball contact angle can be assumed constant with the axial loading because in 
normal working conditions the thrust loads are limited to not shorten the life of 
the bearing3: 
                                                 
3 It should be remembered that a deep groove ball bearing is made to withstand mainly radial loads; the 
maximum thrust load should be always less than 30% of the radial load capacity with peaks of 50% at 
maximum [20]. 
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 𝑠𝑖𝑛(𝛼) = 𝑠𝑖𝑛(𝛼°) (3.87) 
If only the axial behaviour is considered the axial force is distributed equally to all the 
balls: 
 𝛿𝑟 = 0 (3.88) 
 𝛿𝑚𝑎𝑥 = 𝛿𝑎𝑠𝑖𝑛(𝛼°) = (𝑑𝑧 −
𝑃𝑒
2
) 𝑠𝑖𝑛(𝛼°) (3.89) 
 𝜖 → ∞ (3.90) 
 𝐽𝑎(𝜖) = 1 (3.91) 
 𝐹𝑚𝑎𝑥 =
𝐹𝑎
𝑧𝑠𝑖𝑛(𝛼°)
 (3.92) 
Substituting (3.89) and (3.91) in (3.86)(3.13) the axial load-deflection relation becomes: 
 𝐹𝑎 = 𝑧𝐾𝑖𝑜 𝑠𝑖𝑛
2,5(𝛼°) (𝑑𝑧 −
𝑃𝑒
2
)
1,5
 (3.93) 
Therefore the axial load-deflection constant of a DGBB can be defined as follows: 
 𝐾𝑎 =
𝐹𝑎
𝛿𝑎
1,5 = 𝑧𝐾𝑖𝑜 𝑠𝑖𝑛
2,5(𝛼°) = 5𝐾𝑟 𝑠𝑖𝑛
2,5(𝛼°) (3.94) 
As shown in (3.94) the axial load-deflection constant is a multiple of the radial load-
deflection constant and. Two estimations of it were defined based on the two different 
values of 𝐾𝑟 previously derived from the Harris’ theory (3.49) (3.50): 
 𝐾𝑎,1 = 0,467𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 (3.95) 
 
𝐾𝑎,2 = 0,516𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 (3.96) 
 
It should be noted that the method used above to estimate the axial load-deflection 
constant does not lack of validation, in fact some authors such as Palmgren [2] and 
Gargiulo [12] give similar formulas for DGBBs. 
The axial-load deflection constants obtained above are summarised in Table 3.8. 
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𝐾𝑎 = 𝐺𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 
Model Name 
Identification 
Number 
𝐺 
Harris 1 0,467 
Harris (H&B Simpl.) 2 0,516 
 
Table 3.8: Estimations of the axial load-deflection constants based on Harris’ theory. 
 
Figure 3.14 shows the axial load-deflection behaviour of a DGBB with the bore and the 
outer diameters defined in Table 3.5. 
 
 
Figure 3.14: Radial load-deflection behaviour of a deep groove ball bearing using the two models drawn from the 
Harris’ theory. 
 
3.4.2 Palmgren´s model 
Two other estimations of the axial load-deflection constant were obtained applying 
equation (3.13) to the 𝐾𝑟 approximations obtained from Palmgren´s work: 
 𝐾𝑎,3 = 0,488𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 (3.97) 
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𝐾𝑎,4 = 0,547𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 (3.98) 
The four estimations of the axial load-deflection constant are summarised in Table 3.9. 
 
𝐾𝑎 = 𝐺𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 
Model Name 
Identification 
Number 
𝐺 
Harris 1 0,467 
Harris (H&B Simpl.) 2 0,516 
Palmgren 3 0,488 
Palmgren (Approx.) 4 0,547 
 
Table 3.9: Estimations of the axial load-deflection constant based on the Harris and Palmgren´s theories. 
 
 
Figure 3.15: Comparison between the analytical estimations of the axial load-deflection behaviour of a deep groove 
ball bearing. 
 
The difference between the proposed axial load-deflection relations is the same of the 
radial relationships because they are multiples of each other. 
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Figure 3.15 shows the comparison between the estimations of the axial load-deflection 
behaviour obtained from the Harris and Palmgren´s theories applied to the DGBB 
described in Table 3.5. 
It should be noted that if a DGBB without radial play is considered, at least from an 
analytical point of view, it is unable to support axial loads: 
 𝑃𝑟 = 0 → 𝐾𝑎 = 0 (3.99) 
 
Conclusion 
In this chapter the load-deflection behaviour of a DGBB was studied from a theoretical 
point of view. Four analytical estimations of both the radial and axial load-deflection 
constant were derived from the works of Harris and Palmgren and compared to each 
other (Figure 3.9, Figure 3.15). Each model proved to be consistent with respect to the 
others and the maximum difference between them is around 17% (Figure 3.9). 
It was also proved that in first approximation the load-deflection behaviour of a DGBB 
can be considered time-invariant and independent of the configuration of the balls 
(Table 3.7). 
In the next chapter a finite element model of a DGBB is described and used as a term 
for comparing the analytical models. From the comparative analysis one of the 
analytical models will be chosen to be implemented in Adams DGBB macro. 
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Chapter 4  
 
Finite element estimation of the load-
deflection behaviour 
 
4.1 Purpose 
A finite element model of a DGBB was realised to have a basis to compare the 
analytical models obtained from the literature, and also to have alternative to them to 
estimate the load-deflection constant. Two different models were realised: one to 
compute the radial load-deflection constant, one to compute the axial. 
 
4.2 Radial model 
4.2.1 Geometry 
The geometrical relations listed in Table 1.1 were implemented into the geometric 
model to make it fully parametrical (Figure 4.1): the only inputs required are the bore 
diameter 𝑑, the outer diameter 𝐷 and the width 𝐵. 
The radial play of the DGBB was not modelled because its influence on the results 
would have been modest, and moreover it would have introduced an initial gap between 
the balls and the rings which would have caused convergence problem during the 
analysis. 
Nevertheless the user has the possibility to overwrite the internal geometrical 
parameters and model the DGBB handling the geometric details manually one by one. 
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Figure 4.1: Example of geometric input parameters of the deep groove ball bearing finite element model. 
 
As shown in Figure 4.2 many cuts were realised on the model to make it easy to create a 
refined mesh only around the contact areas limiting the total number of elements. 
 
 
Figure 4.2: Radial geometric model. 
 
Taking advantage of the symmetries it was possible to run the analysis on only a quarter 
of the bearing (Figure 4.3). 
Considering that the load is oriented as y-positive, the balls under the middle of the 
bearing were not included in the model: they are not supposed to be involved in the 
loading and they would have caused only convergence problems because the gap 
between them and the ring would have opened instead of closed. In fact, when a static 
analysis is performed, it is necessary to have all the bodies of the model well 
constrained or, at least, always in active contact with each other. This rule avoids a lack 
of constraint equation which causes the finite element matrix stiffness to be singular, 
which in the end causes long computational times or most of the time unconverged 
solutions. 
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Figure 4.3: Reduced radial finite element model. 
 
4.2.2 Materials 
Each body was modelled as made of structural steel, which has the following 
properties: 
 
Parameter Value Units 
𝐸 200000 MPa 
𝜈 0,3 / 
 
Table 4.1: ANSYS structural steel properties. 
 
4.2.3 Mesh 
Also the mesh was set to be parametric with the geometry: this allows the mesh to 
change automatically letting the proportions between the element size and the main 
dimensions of the bearing unchanged. Specifically the mesh element size were referred 
to the diameter of the balls that is a significant dimension of the contacts between the 
rings and the balls. 
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Figure 4.4: Mesh refinement. 
 
The mesh refinement is limited to the contact zones and it is progressive towards the 
points of contact as shown in Figure 4.4 and defined in Table 4.2: 
 
Parameter Symbol Value Units 
Mesh ratio 𝑐 ≫ 1 / 
Contact area mesh element size 𝑀𝑆 𝐷𝑏/𝑐 mm 
Transition mesh element size 𝑇𝑀𝑆 2𝐷𝑏/𝑐 mm 
General mesh element size 𝐺𝑀𝑆 8𝐷𝑏/𝑐 mm 
 
Table 4.2: Mesh element size of the DGBB radial finite element model. 
 
4.2.4 Boundary conditions 
Constraints 
Considering a cylindrical coordinate system in which: 
- The x-axis is the radial direction. 
- The y-axis is the angular direction. 
- The z-axis is the axial direction. 
The constraints details are reported in Table 4.3 with reference to Figure 4.5: the 
interaction between the outer ring and a hypothetical housing is modelled as 0-
displacement in the radial direction applied to the outer cylindrical surface (A) of the 
DGBB, which means that the housing is considered completely rigid. 
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Constraints 
  Axis 
Surface Type X Y Z 
A Displacement Free Free 0 
B Displacement 0 Free Free 
D Displacement 0 Free Free 
 
Table 4.3: Constraints applied to the radial finite element model of the bearing. 
 
Loads 
The load was modelled as a variable pressure applied on the bore surface C (Figure 4.5 
and Figure 4.6): 
 𝑝(𝑦) = 𝑝𝑚𝑎𝑥 𝑠𝑖𝑛(𝑦) (4.1) 
 
𝐹𝑟 = ∫
𝑝(𝑦) 𝑠𝑖𝑛(𝑦)𝐵𝑑
2
𝑑𝑦
𝜋
2
−
𝜋
2
 
(4.2) 
 
𝑝𝑚𝑎𝑥 =
4𝐹𝑟
𝜋𝐵𝑑
 (4.3) 
This sinusoidal pressure is supposed to model the interaction between a hypothetical 
shaft and the inner ring of the DGBB. 
 
 
Figure 4.5: Boundary conditions of the DGBB radial finite element model. 
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Figure 4.6: Pressure distribution on the bore surface of the inner ring. 
 
The value of 𝑝𝑚𝑎𝑥 was computed using the static radial load capacity 𝐶0 of the bearing 
in order to make it dependent on its size: 
 𝐹𝑟 = 𝐶0 (4.4) 
 
𝑝𝑚𝑎𝑥 =
4𝐶0
𝜋𝐵𝑑
 (4.5) 
 
4.2.5 Contacts 
The contacts between the balls and the raceways (Figure 4.7) were modelled as 
frictional non-linear contacts. The details are shown in Table 4.4. 
 
Contact Setting 
Type Frictional Surface-to-Surface 
Contact Body Ball 
Target Body Plate 
Friction Coefficient 0,1 
Behaviour Asymmetric 
Formulation Augmented Lagrangian 
Detection Method On Gauss Point 
 
Table 4.4: Contacts setting of the DGBB radial finite element model. 
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Figure 4.7: One of the ball-raceway contacts of the DGBB radial finite element model: a) contact surface; b) target 
surface. 
 
4.2.6 Constraining methods 
When a static finite element analysis is performed it is a good rule to avoid 
unconstrained bodies. In our DGBB model the balls are constrained only by means of 
the contacts between them and the rings, and also the inner ring is not constrained in the 
direction of the loading. Since the geometry model is not perfect, there is always a 
certain initial gap between bodies which are supposed to be in contact. This deviation 
from the ideal model makes these bodies experience a free rigid body motion during the 
simulation, which in the end causes convergence problems. 
To avoid these problems some other constraints have to be applied to the model: the 
number of constraint equations of a body has to be increased without altering 
significantly its mechanical behaviour. 
There are few constraining methods which help a simulation to converge. Two of them 
were tested: 
- Beams (Figure 4.8a): the use of thin beams to join some bodies to the others or 
to the ground adds some constrain equations avoiding this bodies to experience 
free rigid motions. 
- Stabilisation damping factor (SDF) (Figure 4.8b): it is a parameter which acts 
only in the contact areas and damps the rigid body motion between bodies in 
contact introducing some damping interaction forces between the nodes of the 
contact and target surfaces. 
It should be noted that the beam which constrains the balls can be considered as a very 
simplified model of the cage of a DGBB (Figure 4.8a). 
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Figure 4.8: Constraining methods: a) beams; b) stabilisation damping factor (SDF). 
 
4.2.7 Sensitivity analysis 
A sensitivity analysis was performed to understand how much each of the two 
constraining methods affects the estimation of the load-deflection constant: 
 
𝐾𝑟 =
𝐶0
𝛿𝑟,𝑚𝑎𝑥
1,5  (4.6) 
in which 𝛿𝑟,𝑚𝑎𝑥 is the final displacement in the y direction of a remote point connected 
to the bore surface and positioned along the bearing axis (Figure 4.9). 
 
 
Figure 4.9: Inner ring remote point. 
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Beam constraining method 
Two beams were realised: one to constrain the balls, the other to constrain the inner ring 
(Figure 4.8a). 
The beams were constrained to the ground as less as possible to make the model 
constrained enough and on the other hand not to influence significantly its general 
mechanical behaviour (Figure 4.10a): 
- The beam N°1 was constrained imposing one its node B not to move in direction 
of the loading. 
- The beam N°2 was constrained by a fixed constraint in its node A. 
 
Beam Node 
Constraint Body-to-Body Joint 
Type 
Constrained 
Directions 
Remote Point Type 
1 
A / / Ball 0 Fixed 
B Displacement Y / / 
C / / Ball 1 Fixed 
D / / / / 
E / / Ball 2 Fixed 
2 
A Fixed Support All / / 
B / / Inner ring Fixed 
 
Table 4.5: Setting of the beams constraints and of the body-to-body joints. 
 
The connection between the beam N°1 and the balls and between the beam N°2 and the 
inner ring was realised by means of four body-to-body joints. To use this kind of joints 
some deformable remote points were created (Figure 4.10b), one for each body except 
for the outer ring which is already well constrained. The details for each constraint and 
joint are shown in Table 4.5. 
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Figure 4.10: Beams constraining method: a) beams constraints; b) balls and inner ring remote points. 
 
The critical parameter to change during the analysis is the beam cross section diameter 
a: 
- A too small diameter would not help the solution to converge. 
- A too large diameter would affect too much the results 
A parameter by which it was possible estimate the influence of the beams on the general 
mechanical behaviour of the model is the ratio between the final beams strain energy 
BSE and the bearing strain energy SE: 
 %𝐵𝑆𝐸/𝑆𝐸 =
𝐵𝑆𝐸
𝑆𝐸
∙ 100 (4.7) 
The higher is this ratio, the grater is the influence of the beams constraining on the 
results. 
Four simulations were performed decreasing the value of the diameter ratio defined as 
the ratio between the beams diameter 𝑎 and the balls diameter Db (Table 4.6): 
 
𝑎
𝐷𝑏
 (4.8) 
A value of 0,008 for the diameters ratio is the smallest value which ensured the 
convergence of the solution. 
The simulations were run with a mesh ratio: 
 𝑐 = 60 (4.9) 
which revealed itself a good compromise between precision and computational time. 
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Simulation 𝑎/𝐷𝑏 
1 0,032 
2 0,024 
3 0,016 
4 0,008 
 
Table 4.6: Beams diameter ratio for each simulation. 
 
Damping constraining method 
The critical parameter to change during the analysis is the stabilisation damping factor 
SDF (Figure 4.8): 
- The use of the SDF introduces some artificial energy in the model, especially at 
the very beginning of the simulation when the open gaps become closed. 
- A too low value of the SDF would not help the convergence. 
- A too high value of the SDF would affect too much the results. 
A parameter by which it was possible to estimate the influence of the damping 
constraining on the general mechanical behaviour is the ratio between the artificial 
energy 𝐴𝐸 and the total bearing strain energy at the first load step: 
 %𝐴𝐸/𝑆𝐸 =
𝐴𝐸
𝑆𝐸
∙ 100 (4.10) 
The higher is this ratio, the grater is the influence of the damping constraining on the 
results. 
Six simulation were performed decreasing the value of the damping constraining factor 
(Table 4.7). A value of 0,015 for the SDF is the smallest value which ensured the 
convergence of the solution. 
 
Simulation SDF 
1 0,100 
2 0,075 
3 0,050 
4 0,025 
5 0,020 
6 0,015 
 
Table 4.7: Value of the SDF for each simulation. 
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Results 
The following results for each simulation are shown in Table 4.8 and Table 4.9 and 
from Figure 4.11 to Figure 4.18: 
- Strain energy ratio (4.7). 
- Artificial energy ratio (4.10). 
- Load-deflection constant (4.6). 
- Load-deflection constant percentage difference with respect to its value in the 
most precise simulation: 
 
%𝛥𝐾𝑟 =
{
 
 
 
 |
𝐾𝑟,𝑖 − 𝐾𝑟,4
𝐾𝑟,4
| ∙ 100,     𝑖 = 1…4   beams stablisation    
|
𝐾𝑟,𝑖 − 𝐾𝑟,6
𝐾𝑟,6
| ∙ 100,     𝑖 = 1…6   damping stablisation
 (4.11) 
- Computational time: 𝑇. 
- Computational time percentage difference with respect to its value in the most 
precise simulation: 
 
%𝛥𝑇 =
{
 
 
𝑇𝑖 − 𝑇4
𝑇4
∙ 100,     𝑖 = 1…4   beams stablisation    
𝑇𝑖 − 𝑇6
𝑇6
∙ 100,     𝑖 = 1…6   damping stablisation
 (4.12) 
The results are discussed later in the conclusion paragraph. 
 
Beams Constraining 
Diameter Ratio 
Constraining 
Energy 
Load-Deflection 
Constant 
Computational 
Time 
𝑎/𝐷𝑏 %𝐵𝑆𝐸/𝑆𝐸 
𝐾𝑟 [𝑁
/𝑚𝑚1,5] 
|%𝛥𝐾𝑟| 𝑇 [𝑚𝑖𝑛] %𝛥𝑇 
0,032 0,363 365708 0,331 38,617 31,6 
0,024 0,190 365080 0,158 30,833 5,1 
0,016 0,080 364705 0,055 38,967 32,8 
0,008 0,019 364503 0,000 29,350 0,0 
 
Table 4.8: Results of the beams constraining sensitivity analysis. 
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Damping Constraining 
Stabilisation 
Damping Factor 
Constraining 
Energy 
Load-Deflection 
Constant 
Computational 
Time 
𝑆𝐷𝐹 %𝐴𝐸/𝑆𝐸 𝐾𝑟 [𝑁/𝑚𝑚
1,5] |%𝛥𝐾𝑟| 𝑇 [𝑚𝑖𝑛] %𝛥𝑇 
0,1 2,75E-05 364442 0,000 20,650 -7,3 
0,075 1,03E-04 364442 0,000 24,100 8,2 
0,05 6,87E-05 364442 0,000 18,967 -14,8 
0,025 1,37E-06 364442 0,000 22,383 0,5 
0,02 1,10E-06 364442 0,000 23,033 3,4 
0,015 8,24E-07 364442 0,000 22,267 0,0 
 
Table 4.9: Results of the damping constraining sensitivity analysis. 
 
 
Figure 4.11: Load-deflection constant with the change in the constraining critical parameter. 
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Figure 4.12: Computational time with the change in the constraining critical parameters. 
 
 
Figure 4.13: Load-deflection constant percentage difference with the change in the diameter ratio. 
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Figure 4.14: Wtrain energy ratio with the change in the diameter ratio. 
 
 
Figure 4.15: Computational time percentage difference with the change in the diameter ratio. 
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Figure 4.16: Load-deflection constant percentage difference with the change in the SDF. 
 
 
Figure 4.17: Artificial energy ratio with the change in the SDF. 
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Figure 4.18: Computational time percentage difference with the change in the SDF. 
 
Conclusion 
Beams constraining 
- The value of the load-deflection constant changes less than 0,35% (Figure 4.13) 
and shows a convergent trend to an asymptotic value (Figure 4.11). 
- The strain energy ratio is less than 0,4% (Figure 4.14): the presence of the 
beams does not affect significantly the general mechanical behaviour of the 
system. 
- The computational time oscillates between 29,350 min and 38,967 min (Figure 
4.15). 
Damping constraining 
- The load-deflection constant stays constant (Figure 4.16). 
- The artificial energy is negligible in comparison with the bearing strain energy 
for each value of the SDF: the maximum value of the artificial energy ratio is 
1,03E-4% (Table 4.9). 
- The computational time oscillates between 18,897 min and 24,100 min (Figure 
4.12). 
Comparison 
- The model constrained with the beams is stiffer than the one constrained with 
the SDF (Figure 4.11), but the difference between the two most precise 
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simulations (SDF=0,015 and a/Db=0,08) is limited to a very small value 0,017% 
and it is considered negligible. 
- An advantage of the beams constraining method is that it is sure that they do not 
affect directly the contact stresses, instead the SDF could influence their value 
during the simulation especially at the first load steps. 
- The model with the damping constraining does not show any sensitivity to 
changes in the SDF value while the diameter of the beams clearly influences the 
value of the load-deflection constant (Figure 4.11). 
- It is also clear that the model with the beams constraining tends to have the same 
behaviour of the model with the SDF for low values of the diameter ratio 
(Figure 4.11). 
- The computational time with the beams constraining is longer than with the 
damping constraining (Figure 4.12). 
- The damping constraining was implemented in the definitive finite element 
model of the DGBB because it seems that the load-deflection constant in the 
damping constrained model has already reached its convergence value while in 
the beams constrained model it is still converging to that value (Figure 4.11, 
Figure 4.17). 
- A value of 0,015 for the SDF was chosen for further investigations because it 
ensures precise results in a reasonable computational time. 
 
4.2.8 Influence of the friction coefficient 
The contact between the balls and the raceways were modelled as frictional contact. 
During the analysis of the constraining methods the friction coefficient was set to 0,1, 
that is a typical value for lubricated steel-to-steel contacts [16], however other values 
can be found in the literature usually in the range 0,09 ÷ 0,016. 
Therefore a sensitivity analysis to the friction coefficient was performed to understand 
if its value has influence on the estimation of the load-deflection constant. 
The results of the analysis are shown in Table 4.10. 
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SDF = 0,015 
µ 𝐾𝑟 [𝑁/𝑚𝑚
1,5] %𝛥𝐾𝑟 
0,15 365785 0,37 
0,125 365131 0,19 
0,1 364442 0,00 
0,075 363709 -0,20 
0,05 362929 -0,42 
 
Table 4.10: Friction coefficient for each simulation. 
 
Figure 4.19: Load-deflection constant percentage difference with the change in the friction coefficient. 
 
Conclusion 
- The relation between the load-deflection constant and the friction coefficient is 
almost linear (Figure 4.19). 
- A variation of ±50% around the chosen value of µ causes a variation of ±0,4% in 
the load-deflection constant (Figure 4.19): so it can be concluded that the value 
of the friction coefficient does not affect significantly the estimation of the load-
deflection constant. 
 
4.2.9 Estimation of the load-deflection constant 
A simulation with a refined mesh (Figure 4.20) was performed to check if the 
polynomial load-deflection relationship typical of the analytical models (3.43) fits the 
results of the finite element analysis. 
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The setting of the simulation is shown in Table 4.11. 
 
 
Figure 4.20: Deep groove ball bearing finite element model with a refined mesh (𝐷𝑏/𝑀𝑆 = 120). 
 
Inputs 
Parameter Value Units 
d 12 𝑚𝑚 
D 24 𝑚𝑚 
B 6 𝑚𝑚 
𝐷𝑏/𝑀𝑆 120 / 
𝐶0 1500 𝑁 
 
Table 4.11: Input parameters used to compute the estimation of the load-deflection behaviour. 
 
𝛿𝑟 [𝑚𝑚] 𝐹𝑟,𝐹𝐸𝑀 [𝑁] 𝐹𝑟,𝑃𝑜𝑙𝑦 [𝑁] %𝐸𝑟𝑟 
0,0000 0,0 0,0 0,00% 
0,0003 1,5 1,6 6,67% 
0,0056 151,4 155,6 2,77% 
0,0088 301,2 306,8 1,86% 
0,0115 451,1 457,2 1,35% 
0,0139 601,0 607,1 1,01% 
0,0161 750,9 756,5 0,75% 
0,0181 900,8 905,7 0,54% 
0,0201 1050,8 1054,3 0,33% 
0,0219 1200,7 1202,9 0,18% 
0,0237 1350,6 1351,3 0,05% 
0,0254 1500,6 1500,0 -0,04% 
 
Table 4.12: Values of the radial force and radial displacement for each substep. 
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Outputs 
Load-Deflection 
Constant 
Computational 
Time 
𝐾𝑟,𝐹𝐸𝑀 [𝑁/𝑚𝑚
1,5] 𝑇 
370545 5 h 40 min 
 
Table 4.13: Load-deflection constant estimation and computational time required from the simulation. 
 
The bearing was loaded with a radial force equal to its static radial load capacity 𝐶0. 
The pressure distribution (4.1) on the bore surface was applied as a ramped pressure 
function: 
 𝑝(𝑦, 𝑡𝑖𝑚𝑒) =
4𝐶0
𝜋𝐵𝑑
𝑠𝑖𝑛(𝑦) ∙ 𝑡𝑖𝑚𝑒 (4.13) 
and divided into eleven load steps to obtain sufficient points of the radial load-
deflection curve. The results are shown in Table 4.12 and. Table 4.13 
In Table 4.12 the estimation of the force with the polynomial interpolation is also 
shown: 
 𝐾𝑟,𝐹𝐸𝑀 =
𝐶0
𝛿𝑟,𝑚𝑎𝑥
1,5  (4.14) 
 𝐹𝑟,𝑃𝑜𝑙𝑦 = 𝐾𝑟,𝐹𝐸𝑀𝛿𝑟
1,5
 (4.15) 
 
 
Figure 4.21: Comparison between the finite element results and the polynomial estimation of the radial load-
deflection behaviour of a deep groove ball bearing. 
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As can be seen in Figure 4.21 the polynomial estimation of the radial load-deflection 
behaviour (4.15) fits with precision the points of the finite element analysis, therefore it 
is possible to use the radial finite element model to estimate the radial load-deflection 
constant 𝐾𝑟 as in (4.14). 
 
4.2.10 Comparative analysis 
The reduced finite element model described in the previous section was then used as a 
basis to compare the analytical models studied in Chapter 3 and to select one of them as 
the analytical model to implement inside the Adams DGBB macro. 
Three different steel DGBBs were simulated (Table 4.14). 
 
Parameter Units 
Deep Groove Ball Bearing 
1 4 2 5 3 6 
𝑑 mm 12 17 20 
𝐷 mm 24 30 37 
𝐵 mm 6 7 9 
𝐶07 N 1500 2450 3600 
 
Table 4.14: Properties of the three deep groove ball bearings modelled in the comparative analysis. 
The following figures show the comparison between the analytical and the finite 
element estimation of the load-deflection relation for each DGBB defined in Table 4.14. 
 
                                                 
4 SKF W61901 
5 SKF W61903 
6 SKF W61904 
7 Each DGBB was loaded with a radial force equal to its static radial load capacity 𝐶0. 
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Figure 4.22: Radial load-deflection behaviour of the deep groove ball bearing N°1. 
 
 
Figure 4.23: Radial load-deflection behaviour of the deep groove ball bearing N°2. 
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Figure 4.24: Radial load-deflection behaviour of the deep groove ball bearing N°3. 
 
From the comparison between the proposed analytical models and the finite element 
analysis (Figure 4.22, Figure 4.23, Figure 4.24) it came to light that models N°2 and 
N°3 are the closest ones to the finite elements results. 
The percentage difference %∆𝐾𝑟 between the analytical and finite element values of the 
radial load-deflection constant for each bearing is shown in Table 4.15. 
 %∆𝐾𝑟 =
𝐾𝑟,𝐴 − 𝐾𝑟,𝐹𝐸𝑀
𝐾𝑟,𝐹𝐸𝑀
 
 
(4.16) 
 
Model 
Deep Groove Ball Bearing 
1 2 3 
𝐾𝑟 
[N/mm1,5] 
%∆𝐾𝑟 
𝐾𝑟 
[N/mm1,5] 
%∆𝐾𝑟 
𝐾𝑟 
[N/mm1,5] 
%∆𝐾𝑟 
FEM 370544 / 416236 / 442282 / 
2. Harris 
(H&B Simpl.) 
368956 -0,4% 449439 8,0% 467230 5,6% 
3. Palmgren 334248 -9,8% 425206 2,2% 442038 0,1% 
 
Table 4.15: Percentage difference between the analytical and finite element values of the radial load-deflection 
constant. 
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Both the analytical models can estimate the radial-load deflection constant of a DGBB 
with limited errors, but the Palmgren model (3.8) was preferred to be implemented in 
the Adams macro because it gives higher displacements at equal loads. It should be 
noted that the purpose of the joint is to introduce some flexibility inside the rigid 
multibody models of medium and high voltage contactors and breakers. The 
optimisation of these devices usually aims to increase velocities and acceleration of the 
moving parts in order to have a very short response time. The flexibility of the joints is 
a critical parameter because the more flexible they are, the longer the response time is. 
Therefore from a safety point of view is better to overestimate the response time, which 
means that is better to implement a more compliant load-deflection behaviour of the 
DGBB. 
 
4.2.11 Influence of the configuration of the balls 
The finite element above was also modified slightly in order to estimate the radial load-
deflection of a DGBB in its configuration with two balls over the direction of the load 
(Figure 4.25). 
A simulation was performed on the DGBB N°1 with the settings shown in Table 4.11, 
the results are shown in Table 4.16 and Figure 4.26 in comparison with the results 
already obtained for its first configuration (Table 4.13, Figure 4.21) 
 
 
Figure 4.25: Deep groove ball bearing N°1 in both balls configurations: a) configuration 1; b) configuration 2. 
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Load-Deflection Constant Config. 1 Config. 2 
𝐾𝑟 [N/mm
1,5] 370545 360590 
%∆𝐾𝑟 / -2,6% 
 
Table 4.16: Load-deflection constant of Bearing 1 for both configurations. 
 
Figure 4.26: Load-deflection behaviour of Bearing 1 for both configurations. 
 
As can be seen in Table 4.16 and Figure 4.26 the DGBB in its second configuration is 
slightly less stiff than in configuration 1. This result confirm what was found in the 
literature [14] [15] and what was computed in paragraph 3.3.5: in first approximation 
the difference between the load-deflection constant in the two configurations can be 
considered negligible. 
 
4.3 Axial model 
4.3.1 Geometry and materials 
Taking advantage of the cyclic symmetry of the problem it was possible to study the 
axial load-deflection behaviour of a DGBB modelling only one sector of the whole 
DGBB (Figure 4.27). The angular extent of the sector (Figure 4.7) is: 
 𝛽 =
𝜋
𝑧
 (4.17) 
The model is parametric as the one for the analysis in the radial direction. The only 
required parameters are summarised in Table 4.17. 
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Parameter Symbol Units 
Bore diameter 𝑑 mm 
Outer diameter 𝐷 mm 
Width B mm 
 
Table 4.17: Inputs parameter of the DGBB axial finite element model 
 
The internal clearance is not modelled as in the radial model. 
 
 
Figure 4.27: Reduced axial model of a deep groove ball bearing. 
 
Each body was modelled as made of structural steel (Table 4.1). 
 
4.3.2 Mesh 
The mesh of the axial model differs from the radial as shown in Figure 4.28. The 
refinement was made in order to have a fine mesh only in the area where the contacts 
might occur: under a thrust load the contact line does not lie in plane perpendicular to 
the axis of the bearing but the ball contact angle 𝛼 is created. 
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Figure 4.28: Difference between the mesh of the radial and axial models. 
 
4.3.3 Boundary conditions 
Considering a cylindrical coordinate system in which: 
- The x-axis is the radial direction. 
- The y-axis is the angular direction. 
- The z-axis is the axial direction. 
The constraints details are reported in Table 4.18 with reference to Figure 4.29: 
 
 
Figure 4.29: Boundary conditions of the axial finite element model. 
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The boundary conditions applied to the surfaces _ and _ model the interaction with the 
hypothetical shaft and housing respectively: both of them are considered completely 
rigid and modelled with a 0-displacement in the radial direction. 
 
Boundary Conditions 
Surface Type 
Axis 
X Y Z 
A Displacement free 0 free 
B Displacement 0 free free 
C Force / / −10 𝑁 8 
D Displacement free free 0 
E Displacement 0 free free 
F Displacement free 0 free 
 
Table 4.18: Constraints and loads applied to the axial finite element model. 
 
4.3.4 Contacts 
The contacts between the ball and the raceways (Figure 4.30) were modelled as 
frictional contacts. The details are the same as for the radial model and they are 
described in Table 4.4. 
 
 
Figure 4.30: The inner ball-raceway contact of the DGBB axial finite element model: a) contact surface; b) target 
surface. 
 
                                                 
8 This value is the total axial force, not the force applied only to the DGBB sector. 
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4.3.5 Comparative analysis 
The comparative analysis was made on the DGBB N°1 from Table 4.14. 
It should be remembered that it is necessary to take into account the radial play to 
estimate the axial load-deflection behaviour by means of the analytical models (3.99), 
therefore in the analytical estimation some radial play was considered. Instead the axial 
finite element model represents the same DGBB without clearance (Table 4.19), in line 
with the choice made for the radial model. 
The comparison between the load-deflection curves obtained with the analytical and 
finite element analysis is shown in Figure 4.31. 
 
Parameter Units 
Value 
Analytical 
models 
Axial finite 
element model 
𝑑 mm 12 12 
𝐷 mm 24 24 
𝑃𝑟 mm 0,003 0 
 
Table 4.19: Geometric dimension of the deep groove ball bearing used in the analytical and finite element model 
analysis. 
 
 
Figure 4.31: Comparison between the axial load-deflection estimations obtained with the analytical and finite 
element models. 
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It is clear from Figure 4.1 that the axial load-deflection behaviour of the two models is 
not comparable: in the finite element model of the DGBB is much less stiff than its 
analytical representation. Furthermore the load-deflection relation is completely 
different: the load does not depend on the 1,5-power of the displacement. Therefore it 
can be concluded that is not possible to estimate the axial load-deflection constant of a 
DGBB defined as in (3.94) with a finite element model which does not take the radial 
play into account. 
 
4.4 Conclusion 
In this chapter two different finite element model of a DGBB were described: one 
realised to estimate the radial load-deflection behaviour (Figure 4.3), the other to 
estimate the axial load-deflection behaviour (Figure 4.27). 
The radial model gave results in line with the analytical models, therefore it is possible 
to use it as an alternative to the analytical model to compute the load-deflection constant 
of a DGBB. 
Furthermore the proposed analytical models were evaluated on the basis of the results 
obtained with the finite elements analysis. Three simulations were performed on three 
different bearings and the analytical model N°3 (Palmgren) was chosen to be 
implemented in the Adams DGBB macro (Table 4.20). 
On the other hand, the axial model gave completely different results from the analytical 
models (Figure 4.31): a finite element model of a DGBB which does not take the radial 
play into account cannot be used to estimate the axial load-deflection constant as 
defined in (3.93). 
A model which takes into account the radial play and which can be used to estimate the 
axial load-deflection constant of a DGBB was not realised and a comparison with the 
analytical model was not possible: the effectiveness of the analytical models in the 
estimation of the axial behaviour is based on their proved reliability in the estimation of 
the radial behaviour. 
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Analytical Model 3. Palmgren 
Radial Load-
Deflection 
Constant 
𝐾𝑟 = 0,098𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 
Axial Load-
Deflection 
Constant 
𝐾𝑎 = 0,488𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√4𝑃𝑟[0,03(𝐷 − 𝑑) − 𝑃𝑟]
0,03(𝐷 − 𝑑)
)
2,5
 
 
Table 4.20: The analytical model chosen to model the load-deflection behaviour in the Adams deep groove ball 
bearing macro. 
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Chapter 5  
 
Adams deep groove ball bearing macro 
 
5.1 Adams/View macros 
A macro consists in a single command that is created to execute a series of other 
commands written in its command file. Its purpose is to automate repetitive processes 
which are used frequently by the user. The commands must be written in the 
Adams/View command language [17] and only the Adams/View functions [18] can be 
used to define mathematical and logical operation. 
The macro can be parametrical: parameters give the user a mean to send data to 
customise the macro each time it is used. They work as placeholders for data that the 
user inserts when the macro is executed. 
 
5.2 Purpose 
The purpose of the Adams DGBB macro is to introduce a flexible joint between two 
parts, a shaft and a housing, which simulates the mechanical behaviour of a DGBB. 
Specifically this user-defined element models the radial and axial load-deflection 
behaviour, and the internal clearances; the contribution of the material damping is also 
implemented. 
 
5.3 General structure of the macro 
The flow diagram depicted in Figure 5.1 it is an overview on the algorithm executed by 
the Adams DGBB macro: the various blocks represent the main features of the joint. 
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The blocks are described in the details in the following paragraphs. The source code of 
the macro is shown in Appendix. 
 
 
Figure 5.1: Flow diagram of the Adams deep groove ball bearing macro. 
 
5.3.1 Inputs 
When the macro is recalled inside an Adams model some input parameters are required 
from the user. The only inputs required are the ones necessary to insert and locate the 
bearing inside the model. It was chosen not to insert the geometrical parameters, which 
however are necessary to customise the dimension and the mechanical behaviour of the 
bearing, among the inputs required when the macro is executed: the reason is that, 
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during the first stage of the optimisation analysis of a mechanism, the user usually is 
interested in the general behaviour of the element, and only in the later stages he models 
it in detail; therefore when the macro is recalled it creates a default steel DGBB (Table 
3.5) which the user can customise in any moment overwriting the internal parameters 
which define its properties. The inputs requested when the macro is executed (Figure 
5.2) are described in Table 5.1. 
 
Input Parameter Description Code 
Model name 
The name of the model in which 
the bearing is inserted 
!$modelname:t=model 
Element name 
The identification name of the 
specific bearing 
!$elementname:t=string 
Housing part 
The part which has the function 
of the housing 
!$part_i:t=part 
Shaft part 
The part which has the function 
of the shaft 
!$part_j:t=part 
Location marker9 
The marker which locates the 
centre of the bearing 
!$marker_m:t=marker 
Orientation marker 
The line passing through the 
location and orientation markers 
define the axis of the bearing 
!$marker_z:t=marker 
Outer ring constraint 
The user has two different 
possibilities to constrain the 
bearing to the housing. 
!$axial_joint:t=string:D=F 
 
Table 5.1: Input parameters of the DGBB macro. 
 
The internal parameters which can be overwritten to customise the DGBB are 
summarised in Table 5.2. 
 
Internal Parameter Code 
Bore diameter .VAR_BORE_DIAMETER 
Outer diameter .VAR_OUTER_DIAMETER 
Width .VAR_WIDTH 
Radial play .VAR_RAD_PLAY 
Ball Young´s modulus .VAR_BALLS_YOUNG_MODULUS 
Ball Poisson´s ratio .VAR_BALLS_POISSON_RATIO 
Rings Young´s modulus .VAR_RINGS_YOUNG_MODULUS 
Rings Poisson´s ratio .VAR_RINGS_POISSON_RATIO 
 
Table 5.2: Internal parameters of the DGBB macro. 
                                                 
9 In Adams/View a marker is a coordinate system associated with a body (or the ground) and mainly 
defined by a location and an orientation. 
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Figure 5.2: Example of execution commands of the DGBB macro. 
 
5.3.2 The rings 
Parts and markers 
The first action that is executed when the macro is recalled is the creation of two parts 
consisting of two rigid bodies, the inner and the outer rings, in the desired location and 
with the orientation of the axis specified in the inputs query (Figure 5.3). Then in the 
same location, which coincides with the centroid of the DGBB, three markers are 
created: 
- The inner ring central marker, which belongs to the inner ring part. 
- The outer ring central marker, which belongs to the outer ring part. 
- The ground marker, which belongs to the ground. 
This markers are used to define the kinematic variables and the interaction force 
between the inner ring and the outer ring, and also to define the constraints between 
them and the rest of the model. These markers have their z axis align with the axis of 
the bearing and the x and y axis in the radial plane. 
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Figure 5.3: Definition of the main parts involved in the deep groove ball bearing joint. 
 
Constraints 
The inner ring is constrained to the shaft by a fixed joint, which means that it has not 
any degree of freedom with respect to the shaft.  
Regarding the outer ring the user can decide the kind of joint to constrain it to the 
housing. Two possibilities are available: 
- Fixed joint (F). 
- Translational joint with friction (T): 
 𝜇 = 0,15 (5.1) 
In the first case the outer ring has not any degree of freedom relative to the housing. 
While in the latter case it has one relative degree of freedom in the axial direction. 
These two options were implemented to give the user the possibility to model a bearing 
which is axially blocked or floating with respect to the housing, which are the two most 
common mountings in machine design. 
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5.3.3 Kinematics 
The kinematic state variables (i.e., displacement, velocity and acceleration) of the inner 
ring are defined in relation to the outer ring and expressed in a fixed cartesian frame 
coincident with the ground marker (Figure 5.4). All these variables, and the ones which 
derive from them, are function of the time. 
 
 
 
Figure 5.4: Definition of the displacement variables of the inner ring relative to the outer ring. 
 
In order to compute the force between the inner and outer ring firstly some kinematic 
state variables are measured and some others derived from those: in fact the force is 
computed in a cylindrical coordinate system (𝑟, 𝜃, 𝑧) but then expressed in a cartesian 
one (𝑥, 𝑦, 𝑧). The main variables are described in Table 5.3. 
 
  
CHAPTER 5. ADAMS DEEP GROOVE BALL BEARING MACRO 
99 
Kinematic State Variables 
Description Symbol Equation Units Code 
X component of the 
displacement 
𝑥 measurement mm .STATE_DX 
Y component of the 
displacement 
𝑦 measurement mm .STATE_DY 
Z component of the 
displacement 
𝑧 measurement mm .STATE_DZ 
Radial displacement 𝑟 √𝑥2 + 𝑦2 mm .STATE_DR 
Cosine of the angle 
between the radial 
displacement and 
the x-axis 
𝑐𝑜𝑠(𝜃) 
𝑥
𝑟
 / .STATE_COSINE 
Sine of the angle 
between the radial 
displacement and 
the x-axis 
𝑠𝑖𝑛(𝜃) 
𝑦
𝑟
 / .STATE_SINE 
X component of the 
velocity 
𝑣𝑥 measurement mm/s .STATE_VX 
Y component of the 
velocity 
𝑣𝑦 measurement mm/s .STATE_VY 
Z component of the 
velocity 
𝑣𝑧 measurement mm/s .STATE_VZ 
Angular velocity 𝜔𝑧 measurement rad/s .STATE_WZ 
 
Table 5.3: Main kinematic state variables. 
 
5.3.4 Internal clearances 
Both the radial and axial clearances were implemented inside the DGBB joint executed 
by the macro. 
 
Parameter Symbol Units Code 
Radial play 𝑃𝑟 mm .VAR_RAD_PLAY 
Axial play 𝑃𝑒 mm .VAR_AX_PLAY 
 
Table 5.4: Radial and axial play. 
 
They are used to compute the radial and axial compressions (Table 5.5) from their 
respective displacements: 
 𝛿𝑟 = {
𝑟 − 𝑃𝑟     if  (𝑟 − 𝑃𝑟) ≥ 0
0             if  (𝑟 − 𝑃𝑟) < 0
 (5.2) 
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 𝛿𝑧 = {
|𝑧| −
𝑃𝑒
2
   if (|𝑧| −
𝑃𝑒
2
) ≥ 0
0                if (|𝑧| −
𝑃𝑒
2
) < 0
 (5.3) 
 
Description Symbol Units Code 
Radial compression 𝛿𝑟 mm .STATE_CR 
Axial compression 𝛿𝑧 mm .STATE_CZ 
 
Table 5.5: STEP functions. 
 
The following two identities are valid when the radial play is set to zero: 
 𝛿𝑟 = 𝑟 (5.4) 
 𝛿𝑧 = |𝑧| (5.5) 
The if-conditions are modelled by means of a STEP function (Table 5.6) which skips 
smoothly from zero to the desired value avoiding any discontinuities. In Figure 5.5 the 
compression 𝛿𝑟 is plotted against the radial displacement 𝑟: the compression starts to 
increase when the radial displacement becomes equal to the radial play. 
 
Description Code 
Radial step .STATE_RAD_STEP 
Axial step .STATE_AX_STEP 
 
Table 5.6: STEP functions. 
 
 
Figure 5.5: Effect of the STEP function on the radial compression 𝛿𝑟 (𝑃𝑟 = 0,003 𝑚𝑚). 
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5.3.5 Deep groove ball bearing force 
The reaction force of the DGBB is implemented inside the macro through the use of a 
general force (Figure 5.6), which is a six components generalised force, three forces 
and three torques, applied to the inner ring by the outer ring. The macro computes the 
displacement of the inner ring with respect to the outer ring and applies a force on the 
inner ring which depends on the value of the displacement. 
The DGBB is modelled as a spherical joint, therefore the three torques are always zero. 
The force consists of two components: the force due to the material stiffness and the 
force due to the material damping: 
 ?⃑? = ?⃑?𝑘 + ?⃑?𝑣 (5.6) 
 ?⃑?𝑘 =
[
 
 
 
 
 
 
𝐹𝑘,𝑥
𝐹𝑘,𝑦
𝐹𝑘,𝑧
𝑀𝑘,𝑥
𝑀𝑘,𝑦
𝑀𝑘,𝑧]
 
 
 
 
 
 
=
[
 
 
 
 
 
𝐹𝑘,𝑥
𝐹𝑘,𝑦
𝐹𝑘,𝑧
0
0
0 ]
 
 
 
 
 
 (5.7) 
 ?⃑?𝑣 =
[
 
 
 
 
 
 
𝐹𝑣,𝑥
𝐹𝑣,𝑦
𝐹𝑣,𝑧
𝑀𝑣,𝑥
𝑀𝑣,𝑦
𝑀𝑣,𝑧]
 
 
 
 
 
 
=
[
 
 
 
 
 
𝐹𝑣,𝑥
𝐹𝑣,𝑦
𝐹𝑣,𝑧
0
0
0 ]
 
 
 
 
 
 (5.8) 
 
 
Figure 5.6: Visual aspect of the Adams deep groove ball bearing joint. 
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5.3.6 Load-deflection behaviour 
The Palmgren analytical model (Table 4.18) was implemented inside the macro to 
describe the force due to the stiffness of the bearing. 
First the force is computed as in a cylindrical coordinate system: 
 𝐹𝑘,𝑟 = −𝐾𝑟𝛿𝑟
1,5
 (5.9) 
 𝐹𝑘,𝜃 = 0 (5.10) 
 𝐹𝑘,𝑧 = −𝑠𝑖𝑔𝑛(𝑧)𝐾𝑎𝛿𝑧
1,5
 (5.11) 
Then the general force which describes the load-deflection behaviour of a DGBB is 
expressed in a cartesian coordinate system (Table 5.7): 
 𝐹𝑘,𝑥 = −𝐾𝑟𝛿𝑟
1,5𝑐𝑜𝑠(𝜃) (5.12) 
 𝐹𝑘,𝑦 = −𝐾𝑟𝛿𝑟
1,5𝑠𝑖𝑛(𝜃) (5.13) 
 𝐹𝑘,𝑧 = −𝑠𝑖𝑔𝑛(𝑧)𝐾𝑎𝛿𝑧
1,5
 (5.14) 
 
Description Symbol Units Code 
Radial load-deflection 
constant 
𝐾𝑟 N/mm
1,5 .VAR_RAD_LD_CONST 
Axial load-deflection 
constant 
𝐾𝑎 N/mm
1,5 .VAR_AX_LD_CONST 
X component 𝐹𝑘,𝑥 N .REACTION_STIFF_FORCE_X 
Y component 𝐹𝑘,𝑦 N .REACTION_STIFF_FORCE_Y 
Z component 𝐹𝑘,𝑧 N .REACTION_STIFF_FORCE_Z 
 
Table 5.7: Components of the force due to the stiffness. 
 
A problem with the definition of the axial force (5.14) occur when the radial clearance 
𝑃𝑟 is set equal to zero by the user: 
 𝑃𝑟 = 0 → 𝑃𝑒 = 0 → sin (𝛼°) = 0 → 𝐾𝑎 = 0 → 𝐹𝑘,𝑧 = 0 (5.15) 
In this particular case an artificial radial play 𝑃𝑟
′ is computed in order to have some axial 
stiffness also when the bearing is used without internal clearance. Its value depends on 
the size of the bearing through the bore diameter 𝑑: 
 𝑃𝑟
′ = 𝑐𝑃𝑟𝑑 (5.16) 
The value of 𝑐𝑃𝑟 was decided on the basis of the size of the ball bearings most 
commonly used by the end-user of the macro: 
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 10 𝑚𝑚 ≤ 𝑑 ≤ 18 𝑚𝑚 (5.17) 
 0,003 𝑚𝑚 ≤ 𝑃𝑟 ≤ 0,018 𝑚𝑚 (5.18) 
 𝑐𝑃𝑟 =
0,003
10 + 18
2
≅ 2 ∙ 10−4 (5.19) 
The axial load-deflection constant for the case of zero clearance was obtained 
substituting (5.19) in (3.96): 
𝐾𝑎
′ = 0,488𝐸𝑒𝑞 ⌈2,9
𝐷 + 𝑑
𝐷 − 𝑑
⌉√𝐷 − 𝑑 (
√0,0008𝑑[0,03(𝐷 − 𝑑) − 0,0002𝑑]
0,03(𝐷 − 𝑑)
)
2,5
 (5.20) 
Summarising: 
- If the radial play is different from zero, then the macro computes the axial load 
deflection constant as in (3.96). 
- If the radial play is set equal to zero, the macro computes the axial load 
deflection constant as in (5.20). 
I should be noted that the values of the two load-deflection constants can be overwritten 
by the user in any moment if more precise values are known. 
 
5.3.7 Damping 
Also the effect of the material damping was implemented and added to the force 
generated by the stiffness of the DGBB. Some formulations of the damping force were 
tested, all based on the Rayleigh´s damping formulation. Specifically the beta damping 
was used because it represents the material damping: 
 𝐶𝑣 = 𝛼𝑀 + 𝛽𝐾 =
𝛼=0
𝛽𝐾 (5.21) 
Common values of the 𝛽 coefficient (code: VAR_DAMP_MULTIPLICATION 
_FACTOR) for a DGBB are [13]: 
 𝛽 = 10−6 ÷ 10−5 𝑠 (5.22) 
In this thesis a value of  
 𝛽 = 10−6 𝑠 (5.23) 
was used to test the various damping formulations, in order to check if the macro can be 
executed properly even with such a low damping coefficient. Sometimes low damping 
values can create numerical problems during the solution especially in elements 
characterised by a high value of the stiffness, such as a DGBB. 
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1st formulation 
The idea behind this formulation was to let the damping coefficient depend on the 
square root of the compression as the stiffness: 
 𝑘𝑟 = −
𝑑𝐹𝑘,𝑟
𝑑𝛿𝑟
= 1,5𝐾𝑟𝛿𝑟
0,5
 (5.24) 
 𝑐𝑣,𝑥 = 𝑐𝑣,𝑦 = 𝛽𝑘𝑟 = 1,5𝛽𝐾𝑟𝛿𝑟
0,5
 (5.25) 
 𝑘𝑧 = −
𝑑𝐹𝑘,𝑧
𝑑𝛿𝑧
= 1,5𝐾𝑎𝛿𝑧
0,5
 (5.26) 
 𝑐𝑣,𝑧 = 𝛽𝑘𝑧 = 1,5𝛽𝐾𝑎𝛿𝑧
0,5
 (5.27) 
Therefore the three components of the damping force (Table 5.8) are computed as 
follows: 
 𝐹𝑣,𝑥 = {
−1,5𝛽𝐾𝑟𝛿𝑟
0,5𝑣𝑥   if  (𝑟 − 𝑃𝑟) ≥ 0
0                               otherwise         
 (5.28) 
 𝐹𝑣,𝑦 = {
−1,5𝛽𝐾𝑟𝛿𝑟
0,5𝑣𝑦   if  (𝑟 − 𝑃𝑟) ≥ 0
0                               otherwise         
 (5.29) 
 
𝐹𝑣,𝑧 = {
−1,5𝛽𝐾𝑎𝛿𝑧
0,5𝑣𝑧   if (|𝑧| −
𝑃𝑒
2
) ≥ 0
0                               otherwise            
 (5.30) 
The if-conditions were modelled by means of a STEP function as the radial (5.2) and 
the axial (5.3) compressions. 
 
Description Symbol Units Code 
X component 𝐹𝑣,𝑥 N .REACTION_DAMP_FORCE_X 
Y component 𝐹𝑣,𝑦 N .REACTION_DAMP_FORCE_Y 
Z component 𝐹𝑣,𝑧 N .REACTION_DAMP_FORCE_Z 
 
Table 5.8: Components of the force due to the damping. 
 
The components of the total force acting on the inner ring are (the if-conditions for the 
damping contribution is here omitted for simplicity): 
 𝐹𝑥 = 𝐹𝑘,𝑥 + 𝐹𝑣,𝑥 = −[𝐾𝑟𝛿𝑟
1,5𝑐𝑜𝑠(𝜃) + 1,5𝛽𝐾𝑟𝛿𝑟
0,5𝑣𝑥] (5.31) 
 𝐹𝑦 = 𝐹𝑘,𝑦 + 𝐹𝑣,𝑦 = −[𝐾𝑟𝛿𝑟
1,5𝑠𝑖𝑛(𝜃) + 1,5𝛽𝐾𝑟𝛿𝑟
0,5𝑣𝑦] (5.32) 
 𝐹𝑧 = 𝐹𝑘,𝑧 + 𝐹𝑣,𝑧 = −[𝑠𝑖𝑔𝑛(𝑧)𝐾𝑎𝛿𝑧
1,5 + 1,5𝛽𝐾𝑎𝛿𝑧
0,5𝑣𝑧] (5.33) 
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Test 
This formulation was tested on the two-bearing rotor system depicted in Figure 5.7. The 
characteristics of the system are defined in Table 5.9. 
 
 
Figure 5.7: The two-bearing rotor system used to test the macro. 
 
 
Figure 5.8: Initial condition. 
 
Deep Groove Ball Bearings 
Parameter Symbol Value Units 
Bore diameter 𝑑 12 mm 
Outer diameter 𝐷 24 mm 
Width 𝐵 6 mm 
Radial play 𝑃𝑟 0 mm 
Balls Young´s modulus 𝐸1 200000 N/mm
2 
Balls Poisson´s ratio 𝜈1 0,3 / 
Rings Young´s modulus 𝐸2 200000 N/mm
2 
Rings Poisson´s ratio 𝜈2 0,3 / 
Inner ring mass 𝑚𝑖𝑟 3,653E-6 ton 
Outer ring mass 𝑚𝑜𝑟 5,876E-6 ton 
    
Shaft 
Parameter Symbol Value Units 
Diameter 𝑑𝑠 12 mm 
Length 𝐿 100 mm 
Mass 𝑚𝑠 8,822E-5 ton 
 
Table 5.9: Properties of the two-bearing rotor system. 
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The test consists in letting the shaft vibrate across its equilibrium position (gravity was 
not considered) after being displaced in the x direction: 
 i.c.   𝑥0 = 0,02 𝑚𝑚 (5.34) 
The macro was tested with the Adams solvers [19] which are most commonly used by 
the user. The tested combinations between integrators and formulations are shown in 
Table 5.10 with the values of the allowed numerical error and the details on the time 
step length. 
 
General Setting 
Duration [s] Time Step [s] Interpolation Hmax [s] Hmin [s] Hinit [s] 
1 1,00E-06 On 1,00E-06 1,00E-12 1,00E-07 
a) 
Integrator Formulation Error10 
GSTIFF SI2 1,00E-8 
HHT I3 variable 
b) 
Table 5.10: a) General setting of the tests; b) integrators and formulations used to test the macro and the value of the 
allowed error. 
 
The test was successful using the GSTIFF/SI2 solver (Figure 5.9), but it did not give 
successful results with the HHT/I3 solver (Figure 5.10). 
 
 
Figure 5.9: 1st damping formulation - GSTIFF/SI2: displacement of the centroid of the shaft in the x direction. 
                                                 
10 1,00E-8 is a typical value for the allowed error. With the HHT solver it is recommended to use an error 
at least two order of magnitude lower than the one used for the other solvers because the HHT has a 
different formulation of the error [19]. 
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Figure 5.10: 1st damping formulation – HHT/I3: displacement of the centroid of the shaft in the x direction. 
 
The macro was tested with the HHT/I3 solver with various values of the allowed error: 
for high values of error (1,00E-8) the bearing shows a self-exciting behaviour; for 
medium values (1,00E-9 to 1,00E-11) it has a pulsating behaviour and a non-negligible 
steady state error; for low values (1,00E-12) the simulation cannot be completely 
executed. 
It is important that the macro can be executed with all the solvers available in order not 
to limit the choice of the end-user. For this reason this formulation of the damping force 
was discarded. These problems have led to the creation of an even more simplified 
formulation of the damping force. 
 
2nd formulation 
In this second solution the damping was considered constant with the displacement. 
Specifically its mean value was taken (Table 5.11): 
 𝑐𝑣,𝑥̅̅ ̅̅ ̅ = 𝑐𝑣,𝑦̅̅ ̅̅ ̅ =
1
𝛿𝑟,𝑚𝑎𝑥
∫ 1,5𝛽𝐾𝑟√𝛿𝑟 𝑑𝛿𝑟
𝛿𝑟,𝑚𝑎𝑥
0
= 𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥 (5.35) 
 𝑐𝑣,𝑧̅̅ ̅̅̅ =
1
𝛿𝑧,𝑚𝑎𝑥
∫ 1,5𝛽𝐾𝑎√𝛿𝑧 𝑑𝛿𝑧
𝛿𝑧,𝑚𝑎𝑥
0
= 𝛽𝐾𝑎√𝛿𝑧,𝑚𝑎𝑥 (5.36) 
in which 
 𝛿𝑟,𝑚𝑎𝑥 = (
𝐶0
𝐾𝑟
)
2/3
 (5.37) 
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 𝛿𝑧,𝑚𝑎𝑥 = (
0,5𝐶0
𝐾𝑎
)
2/3
 (5.38) 
 
Description Symbol Units Code 
X damping coefficient 𝑐𝑣,𝑥̅̅ ̅̅ ̅ Ns/mm .VAR_X_DAMP_COEFF 
Y damping coefficient 𝑐𝑣,𝑦̅̅ ̅̅ ̅ Ns/mm .VAR_Y_DAMP_COEFF 
Axial damping coefficient 𝑐𝑣,𝑧̅̅ ̅̅̅ Ns/mm .VAR_AX_DAMP_COEFF 
 
Table 5.11: Damping coefficients. 
 
Only the value of the radial static load capacities is needed to compute the two 
maximum compressions: the axial capacity is assumed 50% of the radial [8]. 
𝐶0 is a characteristic of the specific bearing so the user should insert it every time a 
different bearing is simulated. It was preferred to implement inside the macro an 
empirical formula to estimate the radial load capacity from its main geometric 
dimensions instead of the implementation of another input parameter (code: 
.VAR_RAD_LOAD_CAPACITY). 
It was found in the literature [20] that for radial ball bearings the following relation is 
valid: 
 𝐶0 = 𝑓(𝑧𝐷𝑏
2) (5.39) 
The relation (5.39) was estimated applying a logarithmic regression to real data (Figure 
5.11, Table 5.12): 
 𝐶0 = 2754,6𝑙𝑛(𝑧𝐷𝑏
2) − 11621 [𝑁] (5.40) 
In this 2nd formulation the components of the force due to the damping are: 
 𝐹𝑣,𝑥 = {
−𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑥   if  (𝑟 − 𝑃𝑟) ≥ 0
0                               otherwise         
 (5.41) 
 𝐹𝑣,𝑦 = {
−𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑦   if  (𝑟 − 𝑃𝑟) ≥ 0
0                               otherwise         
 (5.42) 
 
𝐹𝑣,𝑦 = {
−𝛽𝐾𝑎√𝛿𝑧,𝑚𝑎𝑥𝑣𝑧   if (|𝑧| −
𝑃𝑒
2
) ≥ 0
0                               otherwise            
 (5.43) 
Adding one by one (5.41), (5.42) and (5.43) together with (5.12), (5.13) and (5.14) the 
total reaction force of the DGBB joint become: 
 𝐹𝑥 = −[𝐾𝑟𝛿𝑟
1,5𝑐𝑜𝑠(𝜃) + 𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑥] (5.44) 
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 𝐹𝑦 = −[𝐾𝑟𝛿𝑟
1,5𝑠𝑖𝑛(𝜃) + 𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑦] (5.45) 
 𝐹𝑧 = −[𝐾𝑎𝛿𝑧
1,5 + 𝛽𝐾𝑎√𝛿𝑧,𝑚𝑎𝑥𝑣𝑧] (5.46) 
 
 
Figure 5.11: Logarithmic estimation of the radial load capacity. 
 
Radial Load Capacity 
Parameter 
Deep Groove Ball Bearing 
W61900 W61901 W61902 W61903 W61904 W61905 
𝑑 [𝑚𝑚] 10 12 15 17 20 25 
𝐷 [𝑚𝑚] 22 24 28 30 37 42 
𝑧 8 9 10 11 10 12 
𝐷𝑏 [𝑚𝑚] 3,6 3,6 3,9 3,9 5,1 5,1 
𝑧𝐷𝑏
2 [𝑚𝑚2] 103,7 116,6 152,1 167,3 260,1 312,1 
𝐶0 [𝑁] 1200 1500 2200 2450 3600 4300 
𝐶0,𝑙𝑛 [𝑁] 1164 1488 2220 2482 3698 4200 
%𝐸𝑟𝑟 -3,00 -0,77 0,89 1,31 2,71 -2,33 
 
Table 5.12: Estimation of the radial static load capacity. 
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Test 
This damping formulation allows the macro to run with all the solvers and formulations 
available in Adams, including the HHT/I3 (Figure 5.12), and it is implemented in the 
final version of the macro. 
It should be noted that in this formulation the damping coefficient is constant with the 
displacement so the dynamic of the shaft fades faster than in the other two cases where 
the damping is proportional to the square root of the displacement. 
 
 
Figure 5.12: Displacement of the centroid of the shaft in the x direction: a) 1st damping formulation; b) 2nd damping 
formulation. 
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5.3.8 Deep groove ball bearing reaction force 
In the final version of the macro the reaction force (code: .REACTION_FORCE) given 
by the DGBB joint is (the if-conditions are omitted): 
 ?⃑? = −
[
 
 
 
 
 
 𝐾𝑟𝛿𝑟
1,5𝑐𝑜𝑠(𝜃) + 𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑥
𝐾𝑟𝛿𝑟
1,5𝑠𝑖𝑛(𝜃) + 𝛽𝐾𝑟√𝛿𝑟,𝑚𝑎𝑥𝑣𝑦
𝐾𝑎𝛿𝑧
1,5 + 𝛽𝐾𝑎√𝛿𝑧,𝑚𝑎𝑥𝑣𝑧
0
0
0 ]
 
 
 
 
 
 
 (5.47) 
Some considerations should be made on its radial component. In this thesis the radial 
force is computed as follows: 
 𝐹𝑟 = √𝐹𝑥2 + 𝐹𝑦2 (5.48) 
It should be noted that the term radial force refers to the force acting in the radial plane 
of the DGBB, which, due to the damping contribution, may not have only a component 
parallel to the radial displacement: specifically the radial force is parallel to the radial 
displacement only if the velocity of the inner ring is parallel to it.  
 
5.3.9 Rotational friction 
The dynamic rotational friction (code: .FRICTION_TORQUE) was implemented by 
means of a single component torque around the axis of the bearing. It is applied to the 
inner ring by the outer ring. 
 𝑇µ = {
−0,5𝑠𝑖𝑔𝑛(𝜔𝑧)µ𝜔𝐹𝑟𝑑      if  |𝜔𝑧| ≥ 0,001
𝑟𝑎𝑑
𝑠
 0                                           otherwise                     
 (5.49) 
in which 𝜔𝑧 is the rotational velocity of the inner ring relative to the outer ring around 
the DGBB axis, and 
 µ𝜔 = 0,0015 (5.50) 
is the rotational friction coefficient. 
This formula is the simplest approximation11 of the rotational friction of a DGBB [8]. 
Also in this case the if-condition is modelled with a STEP function. 
                                                 
11 It should be remembered that DGBBs are not made to support high thrust loads, therefore it was 
assumed that the axial load is negligible in comparison to the radial. 
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The static friction was not implemented to avoid a discontinuity in the value of the 
torque. If a static analysis is performed the general results would not be affected by the 
lack of the static friction torque of the bearings because its value is usually negligible in 
comparison with the other torques applied to a mechanical system. 
 
5.4 Validation of the macro 
The DGBB macro was tested to check if all the implemented features work properly. 
The tests were performed on the two-bearing rotor system depicted in Figure 5.7 and 
described in Table 5.9: one of the bearings has its outer ring fixed to the ground, the 
other has it constrained by the translation joint. 
Three tests were run in both of the bearings settings, i.e. with and without internal 
clearance: 
- Radial test. 
- Axial test. 
- Friction test. 
 
5.4.1 Solver setting 
The general setting of the tests is described in Table 5.10a. They were performed using 
the HHT/I3 solver. 
 
5.4.2 Radial test 
The model was loaded forcing the radial displacement of the centroid of the shaft 
(Figure 5.13): 
 𝑟(𝑡) = 0,02(1 − 2𝑡) (5.51) 
 
Figure 5.13: Direction of the radial displacement imposed to the shaft during the radial test. 
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The expected value of the radial force was computed analytically applying the 
Palmgren model (Table 4.18), which is the one implemented in the macro: 
 𝐹𝑟(0 𝑠) = 𝐹𝑟(1 𝑠) = {
 1000 𝑁,    𝑃𝑟 = 0  𝑚𝑚        
783,1 𝑁,   𝑃𝑟 = 0,003 𝑚𝑚
 (5.52) 
 |𝐹𝑥(0 𝑠)| = |𝐹𝑥(1 𝑠)| = {
 865,4 𝑁,    𝑃𝑟 = 0  𝑚𝑚        
 678,2 𝑁,    𝑃𝑟 = 0,003 𝑚𝑚
 (5.53) 
 |𝐹𝑦(0 𝑠)| = |𝐹𝑦(1 𝑠)| = {
 500 𝑁,      𝑃𝑟 = 0  𝑚𝑚        
 391,6 𝑁,   𝑃𝑟 = 0,003 𝑚𝑚
 (5.54) 
Results 
The displacement of the centroid of the shaft along the x and y directions is shown in 
Figure 5.14. Figure 5.15 shows the comparison between the radial compression 𝛿𝑟 (in 
the plots it is designated as CR) and the radial displacement 𝑟 of one of the two 
bearings. 
Figure 5.16 shows the x and y components of the radial force applied to the shaft by one 
of the two bearings plotted against their respective displacement; their respective 
expected analytical maximum values (A.V.), defined in (5.53) (5.54), are also plotted. 
The radial force 𝐹𝑟 against the radial displacement 𝑟 (in the plots it is designated as DR) 
is plotted in Figure 5.17. 
 
 
Figure 5.14: Displacement of the centroid of the shaft in the x and y directions. 
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Figure 5.15: Comparison between the radial compression and the radial displacement: a) 𝑃𝑟 = 0 𝑚𝑚; 
b) 𝑃𝑟 = 0,003 𝑚𝑚. 
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Figure 5.16: x and y components of the radial force applied to the shaft by one of the two bearings: a) 𝑃𝑟 = 0 𝑚𝑚; 
b) 𝑃𝑟 = 0,003 𝑚𝑚. 
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Figure 5.17: Radial force against radial displacement: a) 𝑃𝑟 = 0 𝑚𝑚; b) 𝑃𝑟 = 0,003 𝑚𝑚. 
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5.4.3 Axial test 
One of the two DGBBs of the system shown in Figure 5.7 was fixed to the ground, the 
other was constrained by the translational joint in the axial direction. 
The model was loaded forcing the axial displacement of the centroid of the shaft (Figure 
5.18): 
 𝑧(𝑡) = 0,02(1 − 2𝑡) (5.55) 
 
Figure 5.18: Axial displacement imposed to the shaft during the axial test. 
 
The expected value of the axial force was computed analytically applying the Palmgren 
model (Table 4.18): 
 |𝐹𝑧(0 𝑠)| = |𝐹𝑧(1 𝑠)| = {
435,4 𝑁,   𝑃𝑒 = 0 𝑚𝑚       
 257,9 𝑁,   𝑃𝑒 = 0,066 𝑚𝑚
 (5.56) 
Results 
The comparison between the axial compression 𝛿𝑧 and the axial displacement 𝑧 of the 
fixed bearing is shown in Figure 5.19. 
Figure 5.20 shows axial force 𝐹𝑧 applied to the shaft plotted against the axial 
displacement 𝑧. The expected analytical maximum values (A.V.) (5.56) is also plotted. 
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Figure 5.19: Comparison between the axial compression and the axial displacement: a) 𝑃𝑒 = 0 𝑚𝑚; 
b) 𝑃𝑒 = 0,066 𝑚𝑚. 
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Figure 5.20: Axial force against axial displacement: a) 𝑃𝑒 = 0 𝑚𝑚; b) 𝑃𝑒 = 0,066 𝑚𝑚. 
 
5.4.4 Friction test 
The friction torque 𝑇𝜇 depends both on the value of the radial force 𝐹𝑟, both on the sign 
and value of the angular velocity 𝜔𝑧, as defined in (5.49). Therefore two different tests 
were performed to check independently both the dependencies. 
 
Test 1 
Constant radial force: 
 𝑟 = 0,02 𝑚𝑚 → 𝐹𝑟 = 783,1 𝑁 (5.57) 
Variable angular velocity: 
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 𝜔𝑧(𝑡) = 10(1 − 2𝑡) 
𝑟𝑎𝑑
𝑠
 (5.58) 
The expected analytical value (A.V.) of the friction torque is computed as in (5.49): 
 |𝑇µ| = 7,05 𝑁𝑚𝑚 (5.59) 
 𝑇µ𝜔𝑧(𝑡) < 0 (5.60) 
The two independent dependencies of the friction torque on the radial force and on the 
angular velocity are shown in Figure 5.21. 
 
 
Figure 5.21: Friction torque dependency on: a) the value of the radial force; b) the sign of the angular velocity. 
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Test 2 
Variable radial force: 
 𝑟(𝑡) = (0,02𝑡) 𝑚𝑚 → 𝑚𝑎𝑥
𝑡
(𝐹𝑟(𝑡)) = 783,1 𝑁 (5.61) 
Constant angular velocity: 
 𝜔𝑧 = −10 
𝑟𝑎𝑑
𝑠
 (5.62) 
The expected analytical maximum value (A.V.) of the friction torque is computed as in 
(5.59): 
 𝑚𝑎𝑥|𝑇µ(𝑡)| = 7,05 𝑁𝑚𝑚 (5.63) 
 𝑇µ(𝑡)𝜔𝑧 < 0 (5.64) 
Figure 5.22 shows the dependency of the friction torque on the radial force: 𝑇µ is linear 
in 𝐹𝑟 (Figure 5.22b), therefore it has the same behaviour with the change in the radial 
displacment (Figure 5.22a). 
 
5.4.5 Conclusion 
The static verification of the ball bearing macro was considered successful. The 
analytical values of the radial and axial forces are reached as shown in Figure 5.16, 
Figure 5.17 and Figure 5.20. 
The implementation of the radial and axial clearances works properly: the values of the 
compression and the force are zero until the displacement reaches the value of the play, 
as can be seen in Figure 5.15b, Figure 5.17b, Figure 5.19b and Figure 5.20b. 
The friction torque sign is the opposite of the sign of the angular velocity as shown in 
Figure 5.21a, and its absolute value is proportional to the radial force as expected 
(Figure 5.22). 
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Figure 5.22: a) Friction torque against radial displacement; b) Friction torque against radial force. 
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5.5 Solvers test 
The solvers which are most commonly used by the end-user of the macro were tested to 
check if the results obtained executing the DGBB element in a mechanical system are 
sensitive to the choice of the solver. The tests were performed on the two-bearing rotor 
system shown in Figure 5.7. The general setting in common among the various tests is 
shown in Table 5.13. 
The test consists in letting the shaft vibrate across its equilibrium position after being 
displaced in the x direction. The initial condition is expressed in (5.34). 
 
5.5.1 Sensitivity to the allowed error 
The sensitivity to the value of the allowed error was tested on the GSTIFF/SI2 and on 
the HHT/I3 solvers. Figure 5.23 shows the displacement of the centroid of the shaft 
along the x direction for various values of the allowed error for both the solvers. 
As can be seen in Figure 5.23, the solution does not depend on the allowed error using 
the GSTIFF/SI2 solver, instead there is great difference among the results obtained with 
different values of the error using the HHT/I3 solver. The HHT/I3 solver gives 
acceptable results only for errors less or equal to 10−11. 
 
5.5.2 Computational time 
Nine tests were run, one for each combination of integrator and formulation, as can be 
seen in Table 5.14. 
 
General Setting 
Duration [s] Time Step [s] Interpolation Hmax [s] Hmin [s] Hinit [s] 
0,2 1,00E-06 ON 1,00E-06 1,00E-12 1,00E-07 
 
Table 5.13: General setting in common among the performed tests. 
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Figure 5.23: Displacement of the centroid of the shaft along the x direction for various values of the allowed error: a) 
GSTIFF/SI2 solver; b) HHT/I3 solver. 
 
Integrator Formulation Error 
GSTIFF I3 1,00E-08 
- SI2 1,00E-08 
- SI1 1,00E-08 
WSTIFF I3 1,00E-08 
- SI2 1,00E-08 
- SI1 1,00E-08 
HHT I3 1,00E-11 
HASTIFF SI2 1,00E-08 
- SI1 1,00E-08 
 
Table 5.14: Allowed error for each tested combination of integrator and formulation. 
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The computational time needed to perform the simulation is shown in Table 5.15. 
 
INTEGRATOR FORMULATION CP TIME [s] %∆𝑇 
GSTIFF I3 66 35 
- SI2 49 0 
- SI1 131 167 
WSTIFF I3 65 33 
- SI2 49 0 
- SI1 132 169 
HHT I3 57 16 
HASTIFF SI2 56 14 
- SI1 60 22 
 
Table 5.15: Computational time for each tested combination of integrator and formulation. 
 
The following conclusions can be drawn from Table 5.15: 
- The SI2 formulation is the most performant with each of the integrators. 
- The GSTIFF and the WSTIFF integrators with the same formulation are 
equivalent to each other. 
- The combinations of GSTIFF or WSTIFF with the SI1 formulation are the less 
efficient. 
- The final version of the macro was executed with the HHT/I3 solver without any 
problem and the required computational time is very close to the one required by 
the SI2 formulation. 
 
5.5.3 Comparison between different integration formulations 
Different integration formulations are available with the GSTIFF, WSTIFF and 
HASTIFF integrators. All the combinations were tested to check if there is any change 
in the results due to the choice of the formulation with the same integrator. 
The solution is not affected by the choice of the formulation for any of the integrators, 
as can be seen from Figure 5.24 to Figure 5.26. 
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Figure 5.24: GSTIFF - Displacement of the centroid of the shaft along the x direction. 
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Figure 5.25: WSTIFF - Displacement of the centroid of the shaft along the x direction. 
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Figure 5.26: HASTIFF - Displacement of the centroid of the shaft along the x direction. 
 
5.5.4 Comparison between different integrators 
The solvers were also compared using the same integration formulation. 
The comparison between GSTIFF, WSTIFF and HATIFF was made by using the SI2 
formulation (Figure 5.27). The HHT was compared to the GSTIFF using the I3 
formulation (Figure 5.28). 
Figure 5.27 shows that the solution does not depend on the choice of the solver among 
GSTIFF, WSTIFF and HASTIFF. Instead Figure 5.28 shows that there are some 
differences between the solutions obtained with the HHT/I3 and the GSTIFF/I3 solvers: 
- The error in the final position is greater for the HHT/I3. 
- There is a slight phase shift between the two solutions. 
- The error introduced by the HHT/I3 solver in the estimation of the final position 
of the shaft is in the magnitude order of 10−4 𝑚𝑚 and it considered acceptable 
for practical purposes 
CHAPTER 5. ADAMS DEEP GROOVE BALL BEARING MACRO 
129 
 
Figure 5.27: SI2 - Displacement of the centroid of the shaft along the x direction. 
 
CHAPTER 5. ADAMS DEEP GROOVE BALL BEARING MACRO 
130 
 
Figure 5.28: I3 - Displacement of the centroid of the shaft along the x direction. 
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5.6 Dynamic behaviour 
Hereafter the results obtained studying the free oscillation of the two-bearing rotor 
system depicted in Figure 5.7 are shown to illustrate its dynamic behaviour when the 
radial play of two DGBBs is not equal to zero: 
 𝑃𝑟 = 0,003 𝑚𝑚 → 𝑃𝑒 = 0,066 (5.65) 
 i.c.   {
𝑥0 = 0,020 𝑚𝑚
𝑦0 = 0,015 𝑚𝑚
𝑧0 = 0,150 𝑚𝑚
 (5.66) 
 
5.7 Conclusion 
In this chapter the development of an Adams user-defined element simulating a DGBB 
was realised. It consists in a flexible spherical joint in which the reaction force depends 
on the relative displacement and velocity between the two bodies involved in the 
junction: the relation between the reaction force and the displacement is exactly the 
load-deflection relationship of a DGBB studied in Chapter 3 and Chapter 4. 
The material damping was also studied: two different formulations were tested but the 
first was discarded due to numerical problems (Figure 5.10). The damping behaviour 
implemented in the final version of the macro ensures that the DGBB joint can be 
executed using each of the solvers available in MSC Adams (Figure 5.12). 
The main mechanical features (i.e. the load-deflection relationship and the internal 
clearances) implemented in the DGBB joint were successfully validated by a static 
analysis on a simple two-bearing rotor system (Figure 5.7): the results of the simulation 
in Adams have matched the analytical results from the theory developed in Chapter 3. 
The DGBB joint was also tested to check its compatibility with the commonly used 
Adams solvers: it can be executed correctly with each of them (Table 5.15) and the 
solution is not affected by the chosen solver (from Figure 5.24 to Figure 5.28). The only 
limitation concerns the HHT/I3: it is suggested by the author to use this solver with a 
value of the allowed error less or equal to 10−11 to have acceptable errors in the 
estimation of the displacements and to avoid self-exciting oscillations (Figure 5.23). 
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Figure 5.29: Displacement of the centroid of the shaft: a) x component; b) y component; c) z component. 
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Figure 5.30: Reaction force applied to the shaft by one of the two bearings: a) x component; b) y component; c) z 
component. 
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Figure 5.31: Radial force applied to the shaft by one of the two bearings. 
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Conclusions 
 
In this thesis the steps which led to the development of the Adams DGBB joint were 
described. 
From the study on the geometry of a DGBB it came to light that, with the use of some 
empirical formulas, it is possible to define the whole geometry starting from only three 
inputs: the bore and outer diameters, and the radial clearance (Table 1.1). 
Then some very user-friendly expressions of the load-deflection relation of a DGBB 
were obtained applying these geometrical relations to the analytical DGBB models of 
Harris [6] and Palmgren [1] [2] (Figure 3.9, Figure 3.15): as well as the geometry, the 
load-deflection behaviour can be completely defined starting from only the bore 
diameter, the outer diameter and the radial clearance (Table 3.6, Table 3.9). From the 
user’s perspective this is a very useful result because it allows to rapidly model a DGBB 
knowing only three parameter which can be easily found in the manufacturer´s selection 
catalogue. 
The comparative analysis between the radial analytical and finite element models 
applied to three steel DGBBs (Table 4.14) showed that they give very similar results 
(Table 4.15, Figure 6.1). 
The analytical model N°3 (Palmgren) was suggested as the reference analytical model 
to estimate the load-deflection behaviour of a DGBB (Figure 6.1): also the analytical 
model N°2 was very close to the finite elements results, but the model N°3 was 
preferred over the other because it is more compliant. From the perspective of a 
performance optimisation of a contactor mechanism, which is an analysis that aims to 
shorten as much as possible the response time, to have more compliant joints is 
considered a precautionary choice. 
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Figure 6.1: Radial load-deflection behaviour: comparison between the analytical models and the finite element 
model. 
 
On the contrary the results from the comparative analysis between the axial analytical 
and finite element models are very different from each other (Figure 4.31). The reason 
is that the finite element model does not take into account the radial clearance and, 
exactly as the theoretical model (3.99), it cannot be used to estimate the axial load-
deflection constant as defined analytically in (3.94). Without any possible comparison 
with a finite element model, the analytical models were considered effective in the 
estimation of the axial behaviour only because of their proved reliability in the 
estimation of the radial behaviour. 
It was also proved, both analytically (Table 3.7), both by finite element analysis (Figure 
4.26), that in first approximation the radial load-deflection behaviour of a DGBB can be 
considered time-invariant and independent of the position of the balls (Figure 6.2). 
Another outcome from the comparative analysis to take into consideration is that the 
analytical models allow the user to compute the load-deflection constant in few seconds, 
instead the finite element analysis needs around five hours to be performed; on the other 
hand the user can use the finite element model to simulate a DGBB in greater detail and 
obtain a more precise value of the load-deflection constant. 
The last stage of the work concerned the development of an Adams flexible spherical 
joint (Figure 5.1) which models the mechanical behaviour of a DGBB. Exploiting the  
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Figure 6.2: Deep groove ball bearing configurations. 
 
results obtained from the comparative analysis between the analytical and the finite 
element models the reaction force of the joint was based on the analytical model N°3. 
Some numerical problems with the execution of the DGBB macro made the 
implementation of the damping behaviour quite complicated: the first tested formulation 
had to be discarded because it did not allow the macro to be executed with the HHT/I3 
solver (Figure 5.10). So a simpler damping expression was realised to work around the 
problem. 
On the contrary this second damping formulation, which in the end was implemented in 
the final version of the macro, ensures that the DGBB joint can be executed using each 
of the solvers available in MSC Adams (Figure 5.12). It is important that the macro be 
compatible with as many solvers as possible in order not to limit the user´s choice. 
Another important characteristic of the DGBB joint is that, not only it can be executed 
with the commonly used Adams solvers (Table 5.15), but also that its mechanical 
behaviour is not sensitive to the solver choice (from Figure 5.24 to Figure 5.28). The 
only limitation concerns the HHT/I3: it is suggested by the author to use this solver with 
a value of the allowed error less or equal to 10−11 to have acceptable errors in the 
estimation of the displacements and to avoid self-exciting oscillations (Figure 5.23). 
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Appendix 
 
Source code of the Adams deep groove 
ball bearing macro 
 
A.1 Definition of the inputs 
The following lines of code define the inputs requested to the user when the macro is 
executed. 
 
!$modelname:t=model 
!$elementname:t=string 
!$part_i:t=part ! housing 
!$part_j:t=part ! shaft 
!$marker_m:t=marker ! location marker 
!$marker_z:t=marker ! orientation marker 
!$axial_joint:t=string:D=F ! The type of joint between the outer 
! ring and the housing depends on the string value of this 
! parameter: F (Fixed), T (Translational with friction in the 
! axial direction)  
!END_OF_PARAMETERS! 
 
A.2 Creation of the submodel 
In this section the DGBB submodel is created inside the Adams model. 
 
model create & 
 model_name = $modelname.Ball_Bearing_$'elementname' 
APPENDIX 
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model display & 
 model_name = $modelname.Ball_Bearing_$'elementname' 
 
A.3 Input check 
The input parameter used to select the outer ring constraint has to be checked not to 
allow the user to enter an invalid string: an error message pops up if a not valid input is 
inserted. 
 
variable create & 
variable_name = 
modelname.Ball_Bearing_$'elementname'.VAR_AX_CONS & 
 string_value = $axial_joint  
 
IF CONDITION = (($modelname.Ball_Bearing_$'elementname'.VAR_AX_CONS == 
"F") || ($modelname.Ball_Bearing_$'elementname'.VAR_AX_CONS == "T")) 
! If "F" a fixed joint is created between the outer ring and the 
! housing; if "T" a translational joint with friction is created. 
ELSE 
 mdi gui_utl_alert_box_1 & 
 type = "Error" & 
 text = "Specify properly the type of Axial Joint - Allowed 
inputs: F (Fixed), T (Translational with friction)" 
RETURN  
END 
 
A.4 Design variables 
Hereafter the basic geometrical and material properties are defined with their default 
values. 
 
!!! BORE DIAMETER !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BORE_DIAMETER & 
 real_value = (12(mm)) & 
 units = length 
APPENDIX 
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!!! OUTER DIAMETER !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_OUTER_DIAMETER & 
 real_value = (24(mm)) & 
 units = length 
 
!!! WIDTH !!! 
! It is necessary to create the two rings but it has not any influence 
! on the mechanical behaviour. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_WIDTH & 
 real_value  = (6(mm)) & 
 units   = length 
 
!!! RADIAL PLAY !!! 
! Any negative play is not allowed. The radial play can be changed in 
! any moment inside the model. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY & 
 real_value = (0.003(mm)) & 
 units = length & 
 range = 0.000,1.470 & ! The boundaries are taken from the 
! SKF general catalogue. 
 use_range = yes 
 
!!! PLAY SWITCH !!! 
! If the radial play is set equal to 0 this switch is 0, otherwise it 
! is 1. If the switch is 0 then the bearing does not have any internal 
! clearances. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH & 
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real_value = 
(($modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY == 0)? 
0:1) & 
 units = no_units 
 
!!! STIFFNESS COEFFICIENT !!! 
! It depends on which analytical model is used. The Palmgren model is 
! implemented by default. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_STIFF_COEFF & 
 real_value = (0,098) & 
 units = no_units 
 
!!! BEARING TOTAL CURVATURE RATIO!!! 
! It depends on the ratio between the raceways groove radius and the 
! diameter of the ball. It should not be changed unless a precise 
! value is known. If it is overwritten, the radial load-deflection 
! constant should be changed manually accordingly with its value; the 
! axial load-deflection constant changes automatically. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_CURV & 
 real_value = (0.05) & 
 units = no_units 
 
!!! DAMPING MULTIPLICATION FACTOR !!! 
! It multiplies the stiffness to obtain the material damping 
! coefficient: it is set by default to 1E-6. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_DAMP_MULTIPLICATION_F
ACTOR & 
 real_value = (1e-6) & 
 units = no_units 
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!!! ROTATIONAL FRICTION COEFFICIENT !!! 
! It generates a frictional torque. The value is taken from the SKF 
! selection catalogue. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_ROTATIONAL_FRICTION 
_COEFF & 
 real_value = (0.0015) & 
 units = no_units  
 
!!! BALLS MATERIAL YOUNG´S MODULUS !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_YOUNG_MODULUS & 
 real_value = (210000(N/mm^2)) & 
 units = pressure 
 
!!! BALLS MATERIAL POISSON´S RATIO !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_POISSON_RATIO & 
 real_value = (0.3) & 
 units = no_units 
 
!!! RINGS MATERIAL YOUNG´S MODULUS !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RINGS_YOUNG_MODULUS & 
 real_value = (210000(N/mm^2)) & 
 units = pressure 
  
 
!!! RINGS MATERIAL POISSON´S RATIO !!!  
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RINGS_POISSON_RATIO & 
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 real_value = (0.3) & 
 units = no_units 
 
!!! EQUIVALENT ELASTIC MODULUS !!! 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_EQ_ELASTIC_MODULUS & 
real_value = 
((((1-$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_POISSON 
_RATIO^2)/$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_YOUNG 
_MODULUS)+((1-$modelname.Ball_Bearing_$'elementname'.VAR_RINGS 
_POISSON_RATIO^2)/$modelname.Ball_Bearing_$'elementname'.VAR 
_RINGS_YOUNG_MODULUS))^-1 (N/mm^2)) & 
 units = pressure 
 
A.5 Derived design variables 
The following lines of code describe the computation of the other design variables 
necessary to define completely the geometry and the mechanical behaviour of the 
DGBB. 
 
!!! NUMBER OF BALLS !!! 
! It is computed by an empirical formula. It can be overwritten if the 
! precise value is known. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_NUMBER & 
real_value = 
(CEIL(2.9*($modelname.Ball_Bearing_$'elementname'.VAR_OUTER 
_DIAMETER + $modelname.Ball_Bearing_$'elementname' 
.VAR_BORE_DIAMETER)/($modelname.Ball_Bearing_$'elementname' 
.VAR_OUTER_DIAMETER - $modelname.Ball_Bearing_$'elementname' 
.VAR_BORE_DIAMETER))) & 
 units = no_units 
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!!! BALLS DIAMETER !!! 
! It is computed by an empirical formula. It can be overwritten if the 
! precise value is known. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_DIAMETER & 
real_value = 
(0.3*($modelname.Ball_Bearing_$'elementname'.VAR_OUTER_DIAMETER 
- $modelname.Ball_Bearing_$'elementname'.VAR_BORE_DIAMETER)) & 
 units = length 
 
!!! RADIAL LOAD-DEFLECTION CONSTANT !!! 
! Overwrite this parameter to use a different load-deflection constant 
! not related to any theoretical model. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD_CONST & 
real_value = 
($modelname.Ball_Bearing_$'elementname'.VAR_RAD_STIFF_COEFF* 
$modelname.Ball_Bearing_$'elementname'.VAR_EQ_ELASTIC 
_MODULUS*$modelname.Ball_Bearing_$'elementname'.VAR_BALLS 
_NUMBER*($modelname.Ball_Bearing_$'elementname'.VAR_BALLS 
_DIAMETER)**0.5) 
 
!!! AXIAL PLAY !!! 
! It proportional to the radial play. If the radial play is zero also 
! the axial play is zero. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_PLAY& 
real_value = 
(SQRT(4*$modelname.Ball_Bearing_$'elementname'.VAR_CURV* 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_DIAMETER* 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY*2+ 
($modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY*2)**2)) & 
 units = length 
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!!! RADIAL PLAY MULTIPLICATION FACTOR !!! 
! This parameter is used only to create a ball contact angle also when 
! the radial clearance is zero: without 
! this workaround the bearing could not support any axial load. In 
! this specific situation the ball contact angle depends on the size 
! of the bearing and it is computed as if the radial play is equal to: 
! .VAR_RAD_PLAY_MULTIPLICATION_FACTOR*.VAR_BORE_DIAMETER. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY 
_MULTIPLICATION_FACTOR & 
 real_value = (2e-4) & 
 units = no_units 
 
!!! SINE OF THE BALL CONTACT ANGLE !!! 
! The ball contact angle is defined as the angle made by a line 
! joining the points of contact of the ball and the races with a plane 
! perpendicular to the axis of the bearing when the axial clearance is 
! closed. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_BALL_CONTACT_ANGLE 
_SINE & 
real_value = 
(($modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY > 0)? 
($modelname.Ball_Bearing_$'elementname'.VAR_AX_PLAY/(2* 
$modelname.Ball_Bearing_$'elementname'.VAR_CURV*$modelname.Ball 
_Bearing_$'elementname'.VAR_BALLS_DIAMETER)) : 
((SQRT(4*$modelname.Ball_Bearing_$'elementname'.VAR_CURV* 
$modelname.Ball_Bearing_$'elementname'.VAR_BALLS_DIAMETER* 
($modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY_ 
MULTIPLICATION_FACTOR*$modelname.Ball_Bearing_$'elementname' 
.VAR_BORE_DIAMETER)*2+(($modelname.Ball_Bearing_$'elementname' 
.VAR_RAD_PLAY_MULTIPLICATION_FACTOR*$modelname.Ball_Bearing 
_$'elementname'.VAR_BORE_DIAMETER)*2)**2))/(2*$modelname.Ball 
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_Bearing_$'elementname'.VAR_CURV*$modelname.Ball_Bearing_ 
$'elementname'.VAR_BALLS_DIAMETER))) & 
 units = no_units 
 
!!! AXIAL LOAD-DEFLECTION CONSTANT !!! 
! It is derived from the radial load-deflection constant. Overwrite 
! this parameter if a different value of the axial load-deflection 
! constant is known. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_LD_CONST & 
real_value = 
(5*$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD_CONST* 
($modelname.Ball_Bearing_$'elementname'.VAR_BALL_CONTACT_ANGLE 
_SINE)**2.5) 
 
A.6 Ground marker 
A marker belonging to the ground is created coincident with the location marker and 
with its z-axis orientated as the line joining the location marker to the orientation 
marker. 
 
!!! GROUND MARKER !!! 
! This marker is created in the same location of the bearing and 
! belongs to the ground. 
marker create & 
marker = 
$modelname.Ball_Bearing_$'elementname'.ground.GROUND_MARKER & 
 location = (LOC_RELATIVE_TO({0,0,0}, $marker_m)) & 
 orientation = (ORI_ALONG_AXIS($marker_m, $marker_z, "z"))  
 
A.7 Creation of the inner and outer rings 
The rings are created as rigid bodies with their own inertial properties. 
 
!!! INNER RING PART !!! 
! Creation of the inner ring part. 
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part create rigid_body name_and_position & 
 part_name = $modelname.Ball_Bearing_$'elementname'.INNER_RING 
part modify rigid_body mass_properties & 
! Material setting of the inner ring. 
 part_name = $modelname.Ball_Bearing_$'elementname'.INNER_RING & 
 material = .materials.steel 
 
marker create & 
! This marker is necessary only to create the inner ring body as a 
! cylinder. 
marker = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_MARKER & 
location = (LOC_RELATIVE_TO({0,0,-0.5*$modelname.Ball_Bearing 
_$'elementname'.VAR_WIDTH},$modelname.Ball_Bearing_$'elementname
'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) 
 
entity attributes & 
entity_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_MARKER & 
 visibility = OFF  
 
geometry create shape cylinder & 
! Creation of the inner ring body. 
cylinder_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR & 
center_marker = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_MARKER & 
length = ($modelname.Ball_Bearing_$'elementname'.VAR_WIDTH) & 
radius = ($modelname.Ball_Bearing_$'elementname'.VAR_BORE 
_DIAMETER/2+0.15*($modelname.Ball_Bearing_$'elementname'.VAR 
_OUTER_DIAMETER-$modelname.Ball_Bearing_$'elementname'.VAR 
_BORE_DIAMETER)) & 
angle = 360.0d 
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geometry create feature hole & 
! Creation of the bore hole. 
hole_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR.HOLE_1 & 
center = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_MARKER & 
subid = 2 & 
radius = 
($modelname.Ball_Bearing_$'elementname'.VAR_BORE_DIAMETER/2) & 
countersink = No 
 
geometry attributes & 
geometry_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR & 
 color = GRAY 
 
 
!!! OUTER RING PART !!! 
! Creation of the outer ring part. 
part create rigid_body name_and_position & 
part_name = $modelname.Ball_Bearing_$'elementname'.OUTER_RING 
 
part modify rigid_body mass_properties & 
! Material setting of the outer ring. 
 part_name = $modelname.Ball_Bearing_$'elementname'.OUTER_RING & 
 material = .materials.steel 
 
marker create & 
! This marker is necessary only to create the outer ring body as a 
! cylinder. 
marker = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_MARKER & 
location = (LOC_RELATIVE_TO({0,0,-0.5*$modelname.Ball_Bearing 
_$'elementname'.VAR_WIDTH},$modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) & 
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orientation = (ORI_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing_ 
$'elementname'.ground.GROUND_MARKER)) 
 
entity attributes & 
entity_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_MARKER & 
 visibility = OFF 
 
geometry create shape cylinder & 
! Creation of the outer ring body. 
cylinder_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR & 
center_marker = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_MARKER & 
length = ($modelname.Ball_Bearing_$'elementname'.VAR_WIDTH) & 
radius = 
($modelname.Ball_Bearing_$'elementname'.VAR_OUTER_DIAMETER/2) & 
angle = 360.0d 
 
geometry create feature hole & 
! Creation of the hole to complete the outer ring. 
hole_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR.HOLE_1 & 
center = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_MARKER & 
subid = 2 & 
radius = 
($modelname.Ball_Bearing_$'elementname'.VAR_OUTER_DIAMETER/2-
0.15*($modelname.Ball_Bearing_$'elementname'.VAR_OUTER_DIAMETER-
$modelname.Ball_Bearing_$'elementname'.VAR_BORE_DIAMETER)) & 
countersink = No 
 
geometry attributes & 
geometry_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR & 
 color = GRAY 
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A.8 Creation of the rings markers 
These markers are used to define the kinematic state variable and to create the reaction 
force of the joint. 
 
!!! INNER RING AXIS MARKER !!! 
! This is the marker of which the displacement is computed and on 
! which the force between the two rings is applied. 
marker create & 
marker = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM_MARKER & 
location = (LOC_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing_ 
$'elementname'.ground.GROUND_MARKER)) 
 
!!! OUTER RING AXIS MARKER !!! 
! This is the marker relative to which the displacement is computed. 
marker create & 
marker = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM_MARKER & 
location = (LOC_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0}, $modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) 
 
A.9 Constraints 
The following code lines execute the creation of the constraints between the inner ring 
and shaft, and between the outer ring and the hosing. 
 
!!! INNER RING - SHAFT CONSTRAINT !!! 
! The inner ring is fixed to  the shaft - In most of the cases the 
! ball bearings are mounted on the shafts with interference. 
constraint create joint fixed & 
 joint_name = $modelname.Ball_Bearing_$'elementname'.IR_FIX & 
APPENDIX 
A-14 
 i_part_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING & 
 j_part_name = $part_j & 
 location = (LOC_RELATIVE_TO({0,0,0},$modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0},$modelname.Ball_Bearing 
_$'elementname'.ground.GROUND_MARKER)) 
 
entity attributes & 
 entity_name = $modelname.Ball_Bearing_$'elementname'.IR_FIX & 
 visibility = OFF 
 
!!! OUTER RING - HOUSING CONSTRAINT !!! 
! The outer ring can be fixed to the housing if no axial free 
! displacement is needed, otherwise it can be constrained to the 
! housing by a translational joint with friction. 
IF CONDITION = 
($modelname.Ball_Bearing_$'elementname'.VAR_AX_CONS == "F") 
 
 constraint create joint fixed & 
joint_name = 
$modelname.Ball_Bearing_$'elementname'.OR_FIX & 
i_part_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING & 
j_part_name = $part_i & 
location = (LOC_RELATIVE_TO({0,0,0},$modelname.Ball 
_Bearing_$'elementname'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0},$modelname.Ball 
_Bearing_$'elementname'.ground.GROUND_MARKER)) 
 
 entity attributes & 
entity_name = 
$modelname.Ball_Bearing_$'elementname'.OR_FIX & 
visibility = off 
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ELSE 
 
 constraint create joint translational & 
joint_name = 
$modelname.Ball_Bearing_$'elementname'.OR_TRANSL & 
i_part_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING & 
  j_part_name = $part_i & 
 location  = (LOC_RELATIVE_TO({0,0,0},$modelname.Ball 
_Bearing_$'elementname'.ground.GROUND_MARKER)) & 
orientation = (ORI_RELATIVE_TO({0,0,0},$modelname.Ball 
_Bearing_$'elementname'.ground.GROUND_MARKER)) 
 
 force create element_like friction & 
friction_name = 
$modelname.Ball_Bearing_$'elementname'.FRICTION_FORCE & 
joint_name = 
$modelname.Ball_Bearing_$'elementname'.OR_TRANSL & 
  mu_static = (0.15) & 
  mu_dynamic = (0.15) 
   
 entity attributes & 
entity_name = 
$modelname.Ball_Bearing_$'elementname'.OR_TRANSL & 
  visibility = off 
   
END 
 
A.10 Kinematic state variables 
The following lines of command define the kinematics of the joint. 
 
!!! X COMPONENT OF THE DISPLACEMENT OF THE INNER RING MARKER 
! RELATIVE TO THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_DX & 
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function = 
"DX($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER,$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
 
!!! Y COMPONENT OF THE DISPLACEMENT OF THE INNER RING MARKER 
! RELATIVE TO THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_DY & 
function = 
"DY($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER,$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
 
!!! RADIAL DISPLACEMENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_DR & 
function = "(VARVAL($modelname.Ball_Bearing_$'elementname' 
.STATE_DX)**2+VARVAL($modelname.Ball_Bearing_$'elementname' 
.STATE_DY)**2)**0.5"& 
 initial_condition = 0 
 
!!! DISPLACEMENT DIRECTION IN THE X-Y PLANE: COSINE !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_COSINE & 
function = 
"VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DX)/ 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DR)" & 
 initial_condition = 0 
APPENDIX 
A-17 
!!! DISPLACEMENT DIRECTION IN THE X-Y PLANE: SINE !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_SINE & 
function = 
"VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DY)/ 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DR)" & 
 initial_condition = 0 
 
!!! Z COMPONENT OF THE DISPLACEMENT OF THE INNER RING MARKER 
! RELATIVE TO THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_DZ & 
function = 
"DZ($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER,$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
 
!!! X COMPONENT OF THE VELOCITY OF THE INNER RING MARKER RELATIVE TO 
! THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_VX & 
function = 
"VX($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
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!!! Y COMPONENT OF THE VELOCITY OF THE INNER RING MARKER RELATIVE TO 
! THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_VY & 
function = 
"VY($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
 
!!! Z COMPONENT OF THE VELOCITY OF THE INNER RING MARKER RELATIVE TO 
! THE OUTER RING MARKER !!!  
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_VZ & 
function = 
"VZ($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
  
!!! Z COMPONENT OF THE ANGULAR VELOCITY OF THE INNER RING 
! MARKER RELATIVE TO THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_WZ & 
function = 
"WZ($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)" & 
 initial_condition = 0 
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A.11 STEP functions 
The following code lines execute the STEP function used to model the internal 
clearances of the DGBB. 
 
!!! LENGTH OF THE STEP RAMP !!! 
! The precision of the STEP functions which simulates transition from 
! the no-contact condition (radial or axial play open) to the contact 
! condition (radial or axial play closed) depends on value of this 
! parameter. A value of 1E-4 is reasonable since the smallest plays 
! are ca. 1E-3 mm. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_STEP_LENGTH & 
 real_value = (1e-4(mm)) & 
 units = length 
  
!!! RADIAL STEP !!! 
! This STEP function simulates the radial clearance. The inner ring 
! experiences a free radial motion until its displacement is equal to 
! the radial! play. The full load capacity is reached when the 
! displacement is equal to the radial play + the length of the STEP 
! ramp. If the radial play is set equal to 0, the radial STEP is 
! automatically set to 1. 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_RAD_STEP & 
function = 
"($modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH* 
STEP(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DR), 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY, 0.0, 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY + 
$modelname.Ball_Bearing_$'elementname'.VAR_STEP_LENGTH, 1) + 
(1-$modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH))" & 
 initial_condition = 0 
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!!! AXIAL STEP !!! 
! This STEP function simulates the axial clearance. The inner ring 
! experiences a free axial motion until its displacement is equal to 
! the axial play. The full load capacity is reached when the 
! displacement is equal to the axial play + the length of the STEP 
! ramp. If the radial play is set to 0, the axial STEP is 
! automatically set to 1. 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_AX_STEP & 
function= 
"($modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH* 
STEP(abs(VARVAL($modelname.Ball_Bearing_$'elementname' 
.STATE_DZ)),($modelname.Ball_Bearing_$'elementname'.VAR_AX_PLAY/
2), 0.0 ,($modelname.Ball_Bearing_$'elementname'.VAR_AX_PLAY/2) 
+ $modelname.Ball_Bearing_$'elementname'.VAR_STEP_LENGTH, 1) + 
(1-$modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH))" & 
 initial_condition = 0 
 
A.12 Radial and axial compression 
Hereafter the kinematic state variables defining the radial and axial compression are 
created. 
!!! RADIAL COMPRESSION !!! 
! If the radial play is set equal to 0, the radial compression is 
! equal to the radial displacement. Otherwise it is equal to the 
! radial displacement - the radial play. 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_CR & 
function = 
"($modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_RAD_STEP)* 
abs(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DR)-
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_PLAY) + (1-
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$modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH)* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DR))" & 
 initial_condition = 0 
 
!!! AXIAL COMPRESSION !!! 
! If the radial play is set equal to 0, the axial compression is equal 
! to the axial displacement. Otherwise it is equal to the abs(axial 
! displacement) - the axial play 
data_element create variable & 
variable_name =  
$modelname.Ball_Bearing_$'elementname'.STATE_CZ & 
function = 
"($modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_AX_STEP)* 
abs(abs(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DZ))
-($modelname.Ball_Bearing_$'elementname'.VAR_AX_PLAY/2)) + (1-
$modelname.Ball_Bearing_$'elementname'.VAR_PLAY_SWITCH)*abs( 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_DZ)))" & 
 initial_condition = 0 
 
A.13 Damping coefficients 
The following code lines define the radial and axial damping coefficients. 
 
!!! ESTIMATION OF THE RADIAL LOAD CAPACITY !!! 
! Empirical formula to estimate the radial load capacity of the 
! bearing knowing only its dimensions. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LOAD_CAPACITY & 
real_value = 
(2754,6*LOG($modelname.Ball_Bearing_$'elementname'.VAR_BALLS 
_NUMBER*($modelname.Ball_Bearing_$'elementname'.VAR_BALLS 
_DIAMETER)**2)-11621) & 
 units = force 
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!!! MAXIMUM RADIAL COMPRESSION !!! 
! It is the radial compression when the radial force is equal to the 
! radial load capacity of the bearing. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_MAX_COMPRESSION & 
real_value = (($modelname.Ball_Bearing_$'elementname'.VAR_RAD 
_LOAD_CAPACITY/$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD
_CONST)**(2/3))& 
 units = length 
 
!!! RADIAL DAMPING COEFFICIENT !!! 
It is the mean value of the material damping coefficient in the radial 
! direction: the mean material damping is obtained multiplying the 
! radial stiffness (dFr/dr) by the damping multiplication factor 
! (Rayleigh damping or proportional damping) and taking its mean 
! value over the compression range (0, max_compression). The damping 
! coefficient is a function of the displacement because the stiffness 
! is not constant with the displacement. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_DAMP_COEFF & 
real_value = 
($modelname.Ball_Bearing_$'elementname'.VAR_DAMP_MULTIPLICATION 
_FACTOR*$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD_CONST*
SQRT($modelname.Ball_Bearing_$'elementname'.VAR_RAD_MAX 
_COMPRESSION)) & 
 units = damping 
 
!!! ESTIMATION OF THE AXIAL LOAD CAPACITY !!! 
! Deep groove ball bearings are not made to carry heavy thrust loads: 
! their axial load capacity is around 50% of the radial load capacity. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_LOAD_CAPACITY & 
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real_value = 
(0.5*$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LOAD_ 
CAPACITY) & 
 units = force 
 
!!! MAXIMUM AXIAL COMPRESSION !!! 
! It is the axial compression when the axial force is equal to the 
! axial load capacity of the bearing. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_MAX_ 
COMPRESSION & 
real_value = 
(($modelname.Ball_Bearing_$'elementname'.VAR_AX_LOAD 
_CAPACITY/$modelname.Ball_Bearing_$'elementname'.VAR_AX_LD 
_CONST)**(2/3)) & 
units = length 
 
 
!!! AXIAL DAMPING COEFFICIENT !!! 
! It is the mean value of the material damping coefficient in the 
! axial direction: the mean material damping is obtained multiplying 
! the axial stiffness (dFa/dz) by the damping multiplication factor 
! (Rayleigh damping or proportional damping) and taking its mean value 
! over the compression range (0, max_compression). The damping 
! coefficient is a function of the displacement because the stiffness 
! is not constant with the displacement. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_DAMP_COEFF & 
real_value = 
($modelname.Ball_Bearing_$'elementname'.VAR_DAMP_MULTIPLICATION 
_FACTOR*$modelname.Ball_Bearing_$'elementname'.VAR_AX_LD_CONST* 
SQRT($modelname.Ball_Bearing_$'elementname'.VAR_AX_MAX 
_COMPRESSION)) & 
 units = damping 
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A.14 Deep groove ball bearing reaction force 
The reaction force of the DGBB joint is defined as a six-component general force. 
 
!!! STIFFNESS FORCE: X COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_STIFF_FORCE_X & 
function = 
"$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD_CONST*(abs( 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_CR))**1.5)* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_COSINE)" & 
initial_condition = 0 
 
!!! DAMPING FORCE: X COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_DAMP_FORCE_X & 
function = 
"VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_RAD_STEP)* 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_DAMP_COEFF* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_VX)" & 
initial_condition = 0 
 
!!! STIFFNESS FORCE: Y COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_STIFF_FORCE_Y & 
function = 
"$modelname.Ball_Bearing_$'elementname'.VAR_RAD_LD_CONST*(abs( 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_CR))**1.5)* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_SINE)" & 
initial_condition = 0 
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!!! DAMPING FORCE: Y COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_DAMP_FORCE_Y & 
function = 
"VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_RAD_STEP)* 
$modelname.Ball_Bearing_$'elementname'.VAR_RAD_DAMP_COEFF* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_VY)" & 
initial_condition = 0 
 
!!! STIFFNESS FORCE: Z COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_STIFF_FORCE_Z & 
function = 
"$modelname.Ball_Bearing_$'elementname'.VAR_AX_LD_CONST* 
sign((abs(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE 
_CZ))**(1.5)),VARVAL($modelname.Ball_Bearing_$'elementname' 
.STATE_DZ))" & 
initial_condition = 0 
 
!!! DAMPING FORCE: Z COMPONENT !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_DAMP_FORCE_Z & 
function = 
"VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_AX_STEP)* 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_DAMP_COEFF* 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_VZ)" & 
initial_condition = 0 
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!!! DEEP GROOVE BALL BEARING REACTION FORCE !!! 
! The force applied to the inner ring from the outer ring is modelled 
! as a general force. 
force create direct general_force & 
general_force_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_FORCE & 
i_marker_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER & 
j_part = $modelname.Ball_Bearing_$'elementname'.OUTER_RING & 
ref_marker_name = 
$modelname.Ball_Bearing_$'elementname'.ground.GROUND_MARKER & 
x_force_function = 
"-(VARVAL($modelname.Ball_Bearing_$'elementname'.REACTION 
_STIFF_FORCE_X) + VARVAL($modelname.Ball_Bearing_$'elementname' 
.REACTION_DAMP_FORCE_X))" & 
y_force_function = 
"-(VARVAL($modelname.Ball_Bearing_$'elementname'.REACTION 
_STIFF_FORCE_Y) + VARVAL($modelname.Ball_Bearing_$'elementname' 
.REACTION_DAMP_FORCE_Y))" & 
z_force_function = 
"-(VARVAL($modelname.Ball_Bearing_$'elementname'.REACTION 
_STIFF_FORCE_Z) + VARVAL($modelname.Ball_Bearing_$'elementname' 
.REACTION_DAMP_FORCE_Z))" & 
 x_torque_function = "0" & 
 y_torque_function = "0" & 
 z_torque_function = "0" 
 
!!! GRAPHIC FORCE !!! 
geometry create shape force & 
force_name = 
$modelname.Ball_Bearing_$'elementname'.GRAPHIC_REACTION_FORCE & 
force_element_name = 
$modelname.Ball_Bearing_$'elementname'.REACTION_FORCE & 
applied_at_marker_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM_MARKER 
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A.15 Friction torque 
The dynamic rotational friction is implemented as a single component force. 
 
!!! RADIAL FORCE  !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_R_FORCE & 
function = 
"SQRT(GFORCE($modelname.Ball_Bearing_$'elementname'.REACTION 
_FORCE,0,2,$modelname.Ball_Bearing_$'elementname'.ground.GROUND 
_MARKER)**2+GFORCE($modelname.Ball_Bearing_$'elementname' 
.REACTION_FORCE,0,3,$modelname.Ball_Bearing_$'elementname' 
.ground.GROUND_MARKER)**2)" & 
 initial_condition = 0 
  
!!! FRICTION TORQUE SWITCH !!! 
! The rotational friction can be active or inactive: 1 (active), 0 
! (inactive). This switch can be changed also later in the model. 
! Do not insert any other value different from 0 and 1. 
variable create & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_FRICTION_TORQUE 
_SWITCH & 
 integer_value = (1) & 
 allowed_values = 0,1 & 
 use_allowed_values = yes 
 
!!! ANGULAR VELOCITY STEP !!! 
! The friction torque models only 
! dynamic friction: It is activated when the angular velocity reaches 
! 5e-4 rad/s and it the full capacity is reached at 1e-3 rad/s. 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_WZ_STEP & 
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function = 
"STEP(abs(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE 
_WZ)),5e-4,0,1e-3,1)" & 
 initial_condition = 0 
 
!!! BALL BEARING FRICTION TORQUE !!! 
force create direct single_component_force & 
single_component_force_name = 
$modelname.Ball_Bearing_$'elementname'.FRICTION_TORQUE & 
i_marker_name = 
$modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM_MARKER & 
j_marker_name = 
$modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR_CM_MARKER & 
 type_of_freedom = rotational & 
 action_only = off & 
 function = 
"$modelname.Ball_Bearing_$'elementname'.VAR_FRICTION_TORQUE 
_SWITCH*VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_WZ 
_STEP)*(-sign(0.5*$modelname.Ball_Bearing_$'elementname'.VAR 
_ROTATIONAL_FRICTION_COEFF*VARVAL($modelname.Ball_Bearing 
_$'elementname'.STATE_R_FORCE)*$modelname.Ball_Bearing 
_$'elementname'.VAR_BORE_DIAMETER,VARVAL($modelname.Ball 
_Bearing_$'elementname'.STATE_WZ)))" 
 
A.16 Additional outputs 
Some additional outputs are computed to allow the user to access as much information 
as possible about the DGBB joint. 
 
!!! VELOCITY MAGNITUDE IN THE X-Y PLANE !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_VXY & 
function = 
"(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_VX)**2+ 
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VARVAL($modelname.Ball_Bearing_$'elementname'.STATE 
_VY)**2)**0.5" & 
 initial_condition = 0 
 
!!! X COMPONENT OF THE ACCELERATION OF THE INNER RING MARKER RELATIVE 
! TO THE OUTER RING MARKER !!! 
data_element create variable & 
 variable_name = 
 $modelname.Ball_Bearing_$'elementname'.STATE_ACCX & 
function = 
"ACCX($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR 
_CM_MARKER, $modelname.Ball_Bearing_$'elementname'.ground 
.GROUND_MARKER)" & 
 initial_condition = 0 
 
!!! Y COMPONENT OF THE ACCELERATION OF THE INNER RING MARKER RELATIVE 
! TO THE OUTER RING MARKER !!! 
data_element create variable & 
 variable_name = 
 $modelname.Ball_Bearing_$'elementname'.STATE_ACCY & 
function = 
"ACCY($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR 
_CM_MARKER, $modelname.Ball_Bearing_$'elementname'.ground 
.GROUND_MARKER)" & 
 initial_condition = 0 
 
!!! ACCELERATION MAGNITUDE IN THE X-Y PLANE!!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_ACCXY & 
function = 
"(VARVAL($modelname.Ball_Bearing_$'elementname'.STATE_ACCX)**2+ 
VARVAL($modelname.Ball_Bearing_$'elementname'.STATE 
_ACCY)**2)**0.5" & 
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 initial_condition = 0 
 
!!! Z COMPONENT OF THE ACCELERATION OF THE INNER RING MARKER RELATIVE 
! TO THE OUTER RING MARKER !!! 
data_element create variable & 
 variable_name = 
 $modelname.Ball_Bearing_$'elementname'.STATE_ACCZ & 
function = 
"ACCZ($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR 
_CM_MARKER, $modelname.Ball_Bearing_$'elementname'.ground 
.GROUND_MARKER)" & 
 initial_condition = 0 
 
!!! Z COMPONENT OF THE ANGULAR ACCELERATION OF THE INNER RING MARKER 
! RELATIVE TO THE OUTER RING MARKER !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_WDTZ & 
function = 
"WDTZ($modelname.Ball_Bearing_$'elementname'.INNER_RING.IR_CM 
_MARKER, $modelname.Ball_Bearing_$'elementname'.OUTER_RING.OR 
_CM_MARKER, $modelname.Ball_Bearing_$'elementname'.ground 
.GROUND_MARKER)" & 
 initial_condition = 0 
 
!!! FRICTION POWER LOSS !!! 
data_element create variable & 
variable_name = 
$modelname.Ball_Bearing_$'elementname'.STATE_FRICTION_POWER 
_LOSS & 
 function = 
"abs(SFORCE($modelname.Ball_Bearing_$'elementname'.FRICTION 
_TORQUE,0,8,$modelname.Ball_Bearing_$'elementname'.ground 
.GROUND_MARKER)*VARVAL($modelname.Ball_Bearing_$'elementname' 
.STATE_WZ))" & 
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 initial_condition = 0 
 
A.17 Variables deleting 
The variable which identifies the outer ring constraint is delated because it cannot be 
changed later in the model. 
 
variable delete & 
 variable_name = 
$modelname.Ball_Bearing_$'elementname'.VAR_AX_CONS 
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